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Mepiexopeva KepaAaiou 38
« KBavTtiknl Mnxavikn— Mia kaivoupyla OQswpia

 H Kupatoouvaptnon Kai n €€nynon tng. To
meipapa TGS OITTANG OXICHNAG.

 H apxn tng apeBaidétnrag Tou Heisenberg.

* DIAOCOPIKEG eTITITWOEIG. MOavoeTnTA KA
AlTIOKpOTIO

* H xpovikwg avegaptnTn €§icwaon Tou
Schrodinger yia pia digaotaon.

* H xpovikwg e€apTnuévn £€icwon Tou
Schrodinger.



MNepiexopeva Tou KeaAaiou 38
 EAeUOepa cwpaTidla, ETriTreda KUpATA Kal
KUMOTOTTOKETO!.
* 2WHATIOIO O€ atTeIpofabo ppedTio.
* MeTrepaocpévo TTNYAOI.

* «P1@1@i» péoca atré Ppayupara (To ¢AIVOUEVO
TNG ONPAYYAG).



38.1 KBavTikn Mnxavikn—Mia Néa

Otwpia
H KBavTIiK unXavikn CUNTTEPIAAUBAVEI TNV
OuadIKOTNTA TS UANG (CWMATIOIO-KUMA) KOI EENYEI
ME ETTITUXIA TIC EVEPYEIOKES KATAOTAOEIC OE OUVOETO
ATOMO / HOPIA, TIC OXETIKESC EVTACEIC TWV
(POOCHMOTOOCKOTTIKWY YPOUMWYV Kal TTOAAG AAAQ
PAIVOMEVA.

Eival n OgpeAilwdng Bewpia Kabe QUOIKNAG
O1ad0IKaoiag.

H KBavTiK unXavikn gival arapaiTnTn yia Tnv
KOTAVONOoN ATOMWYV KAl Hopiwv aAAd duvaTtal va
EXEI ETTITITWOEIC KAl O TTPORBARMATO HEYAAUTEPNG
KAIMOKOG.



38.2 H KupatoouvapTtnon Kal n epunveia
TNG- To Treipaua TnG OITTANS OXIOHMAG.

‘Eva NAEKTPOMAYVNTIKO KUMO TTEPIEXEI NAEKTPIKA KOl
MOYVNTIKA TTEQIO TTOU TOAAvVTEUOVTAL. TI TOAAVTEUETAI
OMWG O€ £€va KUMO UANG;

AuTtov TO pOAO TOV TTailEl N KUpAaToouvapTnon, V.

To TETPAYWVO TNG KUNOATOOUVAPTNONG O€E
OTTOIOONTTOTE ONMEiO, €ival avaAoyo Tou apiOpou
TWV NAEKTPOVIWV TTOU «OVOMEVETAI» VO BpEBOUV OTO
onMEIo AUTO.

Na Eva nAekTPOVIO, €ival N TTIBavoTnTa va Bpedei To
NAEKTPOVIO CE OUTO TO OCUYKEKPIMEVO CNUEIO.



38.2 H KupatoouvAapTtnon Kail n EpUNVEia
TNG- To Treipaua TnG OITTANS OXIOHMAG.

Na TrTapadeiyya:

NMapatnpouue Eva

6|dypaHpa oupB'o)\r’]g 6fov Light ot
NAEKTPOVIA TTEPACOUV HETQA clectrons
ATTO TTOAAQTTAEG OXIOMEG. . |

2TEAVOVTOG TA NAEKTPOVIO :
Eva Kade @opd, dev i ‘
MTTOPOUUE VA TTPORBAEWOUE ;
TNV TPOXIA TTOU dKOAOUBE] : |
KAOe nAekTpOVIO, TTOPA
MOVO TNV TEAIKN KATAVOWN.

Intensity
on screen
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38.2 H Kupartoouvaptnon Kai n
EpUNVEIa TNG- To Treipapa TG OITTANG
OXIOMNG.

https://en.wikipedia.org/wiki/Double-slit_experiment




38.3 H apxn Tng afefaidoTnTag Tou
Heisenberg

https://en.wikipedia.org/wiki/Uncertainty principle

H KBavTIK pnXavikn €TIRAAEI «OPIO»
(oc@aApara) oTIC METPNOEIC HOG. Ta OpIa AUTA
Ogv gival TTEIPANATIKA (ONA. TTpOBANMA HE TA
opyava) aAAd eyyevi.

TouTo gival CUVETTEIO TNG OUADIKOTNTAG
OWHATIOIOU-KUMATOG KOl TNG AAANAETTIOpAONGS
METOEU TOU OPYAVOU HETPNONG KAl TOU
OVTIKEIMEVOU TTOU BEAOUNE VO TTOPATNPNOOUUE.



38.3 H apxn Tng afefaioTnTag Tou

Helsenberg
davraoTeite OTI
TPOOoTTa0EiTE VA «OEITED

EVa NAEKTPOVIO HE Eva

IOXUPO MIKPOOKOTTIO.

ATTQITEITAI TOUAAXIOTOV £V
S

PWTOVIO VO OKEOAOTEI ATTO
Electron TO AEKTPOVIO WOTE AUTO

va £10€A0€1I oTO

MIKpOOKOTTIO. H diadikaoia

TNG OKEDAONG OHWG
D «OoAAAZel» (E0TW KO
Light Light gAAXIOTO, TNV OPMN TOU

source source

NAEKTPOVIOU.



38.3 H apxn TnG afefaioTnTag Tou

Helsenberg
https://en.wikipedia.org/wiki/Uncertainty principle

H aBeBaidtnTa TNG OPUAG TOU NAEKTPOVIOU
OUOYXETICETOI ME TN METABOAN OTNV OPMN TOU
@WTOVIOU ONA. a1rdé MNOEV MEXPI TNV OAIKN
METO@OPA TNG OPHAG OTO NAEKTPOVIO.

EmitTAfov, n «akpiBeia» NETPNONG TG BEONG
TOU NAEKTPOVIOU €ival TNG TAENG MEYEOOUG TOU
MAKOUG KUMATOG TOU (PWTOVIOU.



38.3 H apxn Tng afefaioTnTag Tou
Helsenberg

H oxéon peTagu TG afefaiotnTag oTnv opun

Kol TN B€on dideTal aTrd TNV OXEON:

(Ax)(Apx) T -

H oxéon autn €ival Eva TTapadeiypa Tng apxns tng
afBepaidTnTag TOoU Heisenberg.

Mag A€€l OTI UTTAPXEI TTEPIOPICHOG OTNV AKpPiEIa
METPNONG, OTAV N BE£0N KAl n opun METPNBOUV
TOUTOXpPOVO.

MTropoUpuE OHWG VA NMETPHOOUHE TOUTOXPOVA TN
0éon otov agova x Kal Tnv opun oto y. INATI;



38.3 H apxn Tng afeBaidoTnTaC TOU
Helsenberg
https://en.wikipedia.org/wiki/Uncertainty_principle

AvTioTOoIXd, YIO TV TOUTOXPOVN METPNON TNG
EVEPYEIONG KOI TOU XPOVOU BPICKOUMUE:
h

2ar

(AE)(AL) =

AUTO onUaAivel OTI N EVEPYEIQ MIOG OIEYEPHUEVNG
KOATAOTAONG £XEI TTEPIOPICHEVO XPOVO (WNG.

Etriong onAwvel oT11 yia TTOAU MIKPOUG XPOVOUG,

n apxn d1aTAPNONS TNG EVEPYEING dDUVATAl VO
TTapafIaoTEI!



38.3 H apxn Tng afefaioTnTag Tou
Helsenberg

Position uncertainty of an electron. An clectron moves in
a straight line with a constant speed » = 1.10 % 10°m/s which has been
measured to a precision of 0.10%. What is the maximum precision with which its
position could be simultaneously measured?

APPROACH The momentum is p = muv, and the uncertainty in pis Ap = (L0010 p.
The uncertainty principle (Eq. 35-1) gives us the lowest Ax using the equals sign.

SOLUTION The momentum of the electron is
p = mv = (911 x 10 kg)(1.10 x 10°m/s) = 1.00 x 10 * kg-m/s.

The uncertainty in the momentum is 0.10% of this, or Ap = 1.0 % 10 *"kg-m/s.
From the uncertainty principle, the best simultaneous position measurement will
have an uncertainty of

hi 1.055 % 107715

Ax = — = - = 1.1 % 107" m,
Ap 1.0 % 107" kg-m/s

or 110 nm.
NOTE This is about 1000 times the diameter of an atom.




38.3 H apxn Tng afefaioTnTag Tou
Helsenberg

Position uncertainty of a baseball. What is the uncertainty
in position, imposed by the uncertainty principle, on a 150-g baseball thrown
at (93 £ 2Ymi/h = (42 £ 1) m/s?

APPROACH The uncertainty in the speed is Av = 1 m/s. We multiply Av by m
to get Ap and then use the uncertainty principle, solving for Ax.

SOLUTION The uncertainty in the momentum is

Ap = mAv = (0.150kg)(1m/s) = 0.15kg-m/s.
Hence the uncertainty in a position measurement could be as small as

fi 1.055 =< 10 ])-5 )
Ay = — = = 7= 10" m.
* Ap 0.15kg-m/s "
NOTE This distance is far smaller than any we could imagine observing or
measuring. It is trillions of trillions of times smaller than an atom. Indeed, the

uncertainty principle sets no relevant limit on measurement for macroscopic objects.




38.3 H apxn Tng afefaioTnTag Tou
Helsenberg

SO R ESTIMATE | J/yr lifetime calculated. The J/y meson,
discovered in 1974, was measured to have an average mass of 3100 MeV/ ¢ (note
the use of energy units since £ = me®) and an intrinsic width of 63 keV/c’. By
this we mean that the masses of different J/if mesons were actually measured to
be slightly different from one another. This mass “width™ is related to the very
short lifetime of the J /i before it decays into other particles. From the uncertainty
principle, if the particle exists for only a time Ar, its mass (or rest energy) will be
uncertain by AE = fi/Ar. Estimate the J/i lifetime.

APPROACH We use the energy—time version of the uncertainty principle, Eq. 38-2.
SOLUTION The uncertainty of 63 keV/c® in the J/i’s mass is an uncertaintly in
its rest energy, which in joules is

AE = (63 X 10°eV)(1.60 x 10" J/eV) = 1.01 x 101,

Then we expect its lifetime 7 (= Af using Eq. 38-2) to be

B 1.06 % 107 J -5
mo—— = = 1 % 10 s,
T T AE T 101 < 10 Y 10

Lifetimes this short are difficult to measure directly, and the assignment of very
short lifetimes depends on this use of the uncertainty principle. (See Chapter 43.)




38.4 ®1IA0COPIKES ETTITITWOEIG-
MBavoTnTa N AITIOKPATIO

21NV KAaoikil punxovikn Tou Neutwva, n
aITIOKPOTIO OIETTEI TOV KOOMO. H yvwon Twyv
OUVANEWYV KOl TWV OPXIKWV ouvOnkKwyv BEocswv
KOl TOXUTNTOG TTPORAETTEI ATTOAUTWG TNV Kivnon
TOU OVTIKEIMEVOU .

21NV KBAvTIKA MNXOVIKA Ta TTPAYMOTA €ival
O1a@opeTIKA. MTTOpPEIC VO TTPORBAEYEIC TNV
«OUVOAIKNA» Kivnon €vOG CuvOoAou
OVTIKEINEVWYV, XWPIC ONWG VA «ETTITPETTETAI» N
ATTOAUTN YVWOT TNG TPOXIAG TOU KAOEVOG.



38.5 H xpoVvikwg avegaptnTn £§icwaon
TOoU Schrodinger
https://en.wikipedia.org/wiki/Schrodinger_equation

OT1TWG¢ Kal e Toug VOpoug Tou NeUTwva, £TOI KAl ME
TNV €icwon Tou Schrodinger dev Tnv
aTTOOEIKVUOUIE.

ATTOITOUME N KUNOTOOUVAPTNON VA TTEPIYPAPEI TNV
Kivnon €vOo¢ KUMATOG, Kal Tn diatpnon Tng
evépyelac. 'ETol ypa@oOupE:
Y(x) = Asinkx + Bcoskx,
o1TOoU



38.5 H xpoVvikwg avegaptnTn £§icwaon
TOoU Schrodinger
https://en.wikipedia.org/wiki/Schrodinger_equation

H d1atRpnon TG evépyelag eTTIBAAEL:
hk?
2m
O Schrodinger €0¢€1&e OTI n £§icwon TTOU
TTANPOI TIG TTPOUTTO0ECEIC £XEI TN MOPPN:

+ U = E.

12 d?' X
AR, U(x)y(x) = Eg(x).

2m dx?

2TACIMO KUMOTO: KUMOTOOUVOPTAOCEIG TTOU
gV ECOAPTWVTAI ATTO TOV XPOVO!



38.5 H xpoVvikwg avegaptnTn £§icwaon

TOoU Schrodinger
https://en.wikipedia.org/wiki/Schrodinger_equation

E@ooov n AUon TnG e¢icwong Tou Schrodinger
aTtrevluveTal o€ Eva ocwpaTidlo, n TlavoeTnTa
va Bpedei TO cWPATIOIO OE OAO TO XWpPO Ba
gival ico PE TNV povada OnA. katrou Ba BpeOdei!

J ylFdV = J|¢r|2dx = 1.
all space

H kupatoouvapTtnon AEPE OTI €ival
KOVOVIKOTTOINMEVN OTAV TTANPOUVTAI QUTEG Ol

OXEOEIG.



38.6 H xpovIKw¢G e¢apTnUEVN

gciowon Tou Schrodinger
https://en.wikipedia.org/wiki/Schrdodinger_equation

MNépa atmd Ta CTACINO KUMOTA, N
YEVIKOTEPN MOPPI TNG £§iICWONG TOU
Schrodinger €xel Tn pop@n:

- R2 W (x, 1)

2

oW (x, 1)
+ U(x)W¥(x,t) = ih y :
:

2m ox

H XpoVvIKWG avecapTnTn £CICWOT TOU
Schrodinger atroppéel atrd TNV TTAPOUCA
€AV UTTOOECOUE OTI:

V(x.1) = (x)f (1)



38.6 H XpOVIKWG CapPTNMEVN
gciowon Tou Schrodinger

Me GAAa AOyia, UTTOBETOUME OTI N XPOVIKIE Kl
XWPIKN £CEAIEN TNG KUMATOOUVAPTNONG Eival
aAvECAPTNTEG!

H xpoVIKN €EEAIEN UTTOPEI VO TTEPIYPAPEI ATTO TN
oxéon:

f(t) = e_f(%)r.

H cuvdptnon auti éxel «péTpo» povada (1) kai
eTTopévwe dev ernpeddel Tnv mlavoTnTa (|¥]?)
va Bpedei TO CWPATIOIO OE KATTOIO ONMEIO TOU
XWPEOU.



38.7 EAeUBepa ocwpaTidla, ETTITTEOA
KUMOTO KOl KUMOTOTTOKETQ.

EAeUBepo ocwpupaTidlo: atrousia OUVAMEWY, CUVETTWG
U =0. H e§icwon tou Schrdodinger peraoxnuaTideTal
o€ e§iocwon appoVvikou TaAavTwTh £me1idn U =0 :

2 g2 2
_ th d C;I;(zx) = EY(x) n d C;I;(Zx) + kyp(x) =0
OTTOU — 1
2mE Zmimvz mv p 2
Ll TR TR TR
27T

KOl Ol AUCEIG EXOUV TNV MOoP®PN :
¢y = Asinkx + Bcoskx,



38.7 EAeUBepa cwuaTidla, eTTITTEO
KUMOTO KOI KUMOTOTTOKETA.

FCULNE PN Free electron. An electron with energy E = 63eV is in
free space (where U =10). Find (a) the wavelength A and (b) the wave
function ¢ for the electron, assuming B = (.

APPROACH The wavelength A = 27 /k (Eq. 38-11b) where the wave number &
1s given by Eq. 38-11a. The wave function 1s given by iy = A sin kx.
SOLUTION

2 2mh

@A = = VomE

B 27 (1.055 % 10 *J-s)
V2(9.11 x 10 " ke)(6.3eV)(1.60 x 107 J/eV)

= 49 % 10"m = 0.49 nm.

2
(h) k = ~

= 128 x 10"m™,

= Asinkx = Asin[(1.28 % 10" m ')(x)].



38.7 EAeUOepa cwpaTidla, eTTITTEOX

KUMOTO KOI KUMOTOTTOKETQ.

https://en.wikipedia.org/wiki/Uncertainty_principle
Y

H AUon yia 1o eAeUBepo

OwHaTidlo gival éva emimedo  _AAANAAAA—
KUpa, oxnua (a).
PeaAICTIKOTEPN ATTEIKOVION
gival To oxnua (b).

(a)

v
TO KUMOTOTTOKETO £XEI TOOO TO

TedIOo TIMWYV TNG OPUNG (kh)

000 Kal TNV TTETTEPATHEVN W}c

afeBaidTnTa OTNV 0€0N AX 3
(eupog). b)




38.8 To ocwpuaTidlo o€ atreipofabo
TNYAdI-TETPAYWVIKO AUVAMIKO

(e o]

Mia aTro TIG TTEPITITWOEIG Y

OTTOU N €§icwWON TOU
Schrdodinger emAUeTAI
«OKPIBWGS», gival TO
atreipofBado rnyadi. To
OUVOMIKO €ival MNOEV
METOEU TWV TIMWYV 0 <

x < £ KOl ATTEIPO O OAA

TO UTTOAOITTO ONMEIQ. e X
x=0 K=l



38.8 To ocwpuaTidlo o€ atreipofabo
TNYAOI-TETPAYWVIKO AUVAUIKO

O1 oplaKEG ouvONKEG TOU TTPORANMATOG ETTIBAAOUV
oTi Y = 00tav x = 0,¢. AUuTO CUVETTAYETAI:

¢y = Asinkx + Bcoskx,

T
Bcoskx =0 =2 k =n?,n =1,2,3....

ETTONEVWC TTPOKUTITEI «KBAVTWON» OTNV EVEPYEIA

2mE W2
= E = n’

k = :
V hZ Smfz




38.8 To ocwpuaTidlo o€ atreipofabo
TNYAdI-TETPAYWVIKO AUVAMIKO

2T0 OXAMATA PAIVOVTAI Ol EVEPYEIEG, Ol KUHOATOOUVOPTAOCEIG
KOl N TTUKVOTNTA TTI8avoTNTAG HIOG OUVAPTNONS TOU N.

E4 = 16E1

E3 = 9E1

E2 :4E1




38.8 To ocwpaTidio o€ amreipoffabo TTnyadi-
TeTpaywvVviké Auvauiko

Electron in an infinite potential well. (¢) Calculate the
three lowest energy levels for an electron trapped in an infinitely deep square
well potential of width £ = 1.00 x 10 ""m (about the diameter of a hydrogen
atom in its ground state). (b) If a photon were emitted when the electron jumps
from the n = 2 state to the n = 1 state, what would 1ts wavelength be?

APPROACH The energy levels are given by Eq. 38-13. In (b), hf = he/A = E, — E|.
SOLUTION (a) The ground state (n = 1) has energy

e (6.63 % 107#]-s) ﬁ
E, = - = — —— = 6.03 X 10 "],
8m€>  8(9.11 x 107" kg)(1.00 x 10" m}’

In electron volts this 1s

6.03 x 107
E = - - = 377eV.
1.60 % 1079 J/eV

Then
E, = (2)'E, = 151eV

E. = (3)E, = 339eV.

(b) The energy difference is E, — E;, = 151eV — 38eV = 113eV or 1.81 x 1077 ],
and this would equal the energy of the emitted photon (energy conservation). Its
wavelength would be

¢ he  (6.63 > 107 J-5)(3.00 % 10 m/s)

= — = = E . o B
YT FTE 181 X 10 7] H10 10 m

or 11.0 nm, which is in the ultraviolet region of the spectrum.



38.8 To cwpuartidio o€ armreipofabo Trnyadi-
TeTpaywWVIKO Auvauiko

Electron in an infinite potential well. (¢) Calculate the
three lowest energy levels for an electron trapped in an infinitely deep square
well potential of width £ = 1.00 x 10 ""m (about the diameter of a hydrogen
atom in its ground state). (b) If a photon were emitted when the electron jumps
from the n = 2 state to the n = 1 state, what would 1ts wavelength be?

APPROACH The energy levels are given by Eq. 38-13. In (b), hf = he/A = E, — E|.
SOLUTION (a) The ground state (n = 1) has energy

e (6.63 % 107#]-s) ﬁ
E, = ~ = — —— = 6.03 X 10 "],
8m€>  8(9.11 x 107" kg)(1.00 x 10" m}’

In electron volts this 1s

6.03 % 107% ]
E = - - = 37.7eV.
1.60 x 107 J/eV

Then
E, = (2)'E, = 151eV

E. = (3)E, = 339eV.

(b) The energy difference is E, — E;, = 151eV — 38eV = 113eV or 1.81 x 1077 ],
and this would equal the energy of the emitted photon (energy conservation). Its
wavelength would be

N he (663 X 107*7J-s)(3.00 X 10°m/s)

= = . i T
f o E 181 X 10 7] L1010 m

or 11.0 nm, which is in the ultraviolet region of the spectrum.



38.8 To ocwpaTidio o€ amreipoffabo TTnyadi-
TeTpaywvVviké Auvauiko

SOV BTN Calculating a normalization constant. Show that the
normalization constant A for all wave functions describing a particle in an

infinite potential well of width £ has a value of A = +/2/{.

APPROACH The wave functions for various »n are
i = Asin %

To normalize o+, we must have (Eq. 38-15)

f {
1 = [wfﬁdx = JAE sin? ”T dx.
J0 0

SOLUTION We need integrate only from 0 to £ since 4 = 0 for all other values
of x. To evaluate this integral we let @ = nwa/f and use the trigonometric
identity sin’@ = (1 — cos26). Then, with dx = £ d6#/nw. we have

i Ef nT
1 = AZJ sin’ie( : )dﬂ -4 [ (1 — cos26) df
I Jl

) nm 2nw

- A —%sinzﬂ}‘

2nm ,

Al

2
Thus A> = 2/{ and




38.8 To cwpaTiolo o€ atreipofado TTnyaodi-

TeTpaywvVviké Auvauiko

ESTIMATE| Probability near center of rigid box. An clectron
is in an infinitely deep square well potential of width £ = 1.00 % 10 "' m. If the
clectron is in the ground state, what 1s the probability of finding 1t in a region of
width Ax = 1.0 x 10 " m at the center of the well (at x = 0.50 x 10 " m)?

APPROACH The probability of finding a particle in a small region of width dx is
" dx (Eq. 38-6b). Using A from Example 38-6, the wave function for the
ground state 1s
- I.E . TX
i(x) = '\ll ESII'I T
SOLUTION The n = 1 curve in Fig. 38-9 shows that i is roughly constant near

the center of the well. So we can avoid doing an integral over dx and just set
dx = Ax and find

W Ax = %sinf[%ﬂax

2 [17{[15{} % 10" m)
= sin’

(1.00 > 107" m)

1.0 % 10712 = 0.02.
(1.00 > 107" m) h m)

The probability of finding the electron in this region at the center of the well is
thus 2%%.

NOTE Since Ax = 1.0 X 10 m is 1% of the well width of 1.00 % 10" m, our
result of 2% probability is not what would be expected classically. Classically, the
electron would be equally likely to be anywhere in the box, and we would expect
the probability to be 1% instead of 2%.




SETTSETE N Probability of e~ in } of box. Determine the probability of
findng an electron in the left quarter of a rigid box—i.e., between one wall at
x = () and position x = £/4. Assume the electron is in the ground state.

APPROACH We cannot make the assumption we did in Example 38-7 that
" = constant and Ax is small. Here we need to integrate [if* dx from x = 0 to
x = £/4, which is equal to the area under the curve shown colored in Fig. 38-11.

SOLUTION The wave function in the ground state is fy, = V2/t sin(wx/f). To
find the probability of the electron in the left quarter of the box, we integrate
just as in Example 38-6 but with different limits on the integral (and now
we know that A = \/2/). That is, we set # = wx/f (then x = £/4 corresponds
to 0=m/4) and use the identity sin’# = 3(1 — cos26). Thus, with

dx = (L/7)d®,
24 ) 2 [!‘s’-l . 1(?‘_ )
“dx = — sin“ | — x| dx
[, e =3 | (G

[[ w'“n — cos zﬂ}(%) do

| 1
= —(ﬂ — —sin 2{1)

m 2

oy | —

w4

1]

= .091.

1
29

=

NOTE The clectron spends only 9.1% of its time in the left quarter of the box.
Classically it would spend 25%.




Most likely and average positions. Two interesting quantities
are the most likely position of a particle and the average position of the particle.
Consider an electron in a rigid box of width 1.00 x 107" m in the first excited
state n = 2. (a) What is its most likely position? (b) What is its average position?

APPROACH To find (a) the most likely position (or positions), we find the maximum
value(s) of the probability distribution |if* by taking its derivative and setting it equal
to zero. For (b) the average position, we integrate x = _[nf x | dx.

2 . (2w
SOLUTION (a) The wave function for n = 2 is i(x) = VT sm(Tx), S0

. 2,2 _ X " 3
l(x)|" = Es.m2 (wa . To find maxima and minima, we set dif|"/dx = O

d ., 2 2o . (27w 2
E|:f;| _E(E}T sm( EI)EDE( Ex).

This quantity is zero when either the sine is zero (27x/{ = 0, 7, 2, ---), or the
cosine is zero (2wx/l = 7/2, 37 /2, ---). The maxima and minima occur at x = (),
£/2 8 and x = £/4,34/4. The latter (£/4,3¢/4) are the maxima—see the
n = 2 curve of Fig. 38-10; the others are minima. [To confirm, you can take the
second derivative, d°[if|*/dx?, which is =0 for minima and <0 for maxima.]

(b) The average position is (again we use sin®# = 3(1 — cos 28)):

i ¢ : £
X = LIW-‘F dx =L%xsin2(2; x) dx = % L x[l - {:05(4%;)} dx,

which gives (integrating by parts, Appendix B: « = x, dv = cos (4mx/E) dx):

R E SR (4_“)_ e .(‘L’T-)r_ﬂ,
A dar S fx 167 cos EA u_ 2

=l

Since the curves for |i* are symmetric about the center of the box, we expect
this answer. But note that for # = 2. the probability of finding the particle at the
point x = /2 is actually zero (Fig. 38-10),




ESTIMATE | Confined bacterium. A tiny bacterium with a
mass of about 107" kg is confined between two rigid walls 0.1 mm apart. (a) Estimate
its minimum speed. (b) If, instead, its speed is about 1 mm in 100s, estimate the
quantum number of its state.

APPROACH We assume U = 0 inside the potential well, so E = Lmv®. In (a)
the minimum speed occurs in the ground state, n = 1, so v = 2E/m where
E is the ground-state energy. In (b) we solve Eq. 38-13 for n.

SOLUTION (a) With n = 1, Eq.38-13 gives E = h*/8 mf® so
ZE hz JE? 66 W 1{]—34‘]-‘5 .

TN TN = = ~ 3 %X 1075 m/s.

1 \/: N amie? 2mi 2(10 " kg)(10 * m) 107" m/s

This is a speed so small that we could not measure it and the object would seem
at rest, consistent with classical physics.

(b) Given v = 107" m/100s = 107" m/s, the kinetic energy of the bacterium is
E = smv* = (10 "kg)(10 " m/s)® = 0.5 x 10 * 1.
From Eq. 38-13, the quantum number of this state is

(gmfz) /(ﬂ.:: x 107 1)(8)(10 " kg)(10* m)?
n = E| — =
e ! (6.6 X 1073 ]-s)

NOTE This number is so large that we could never distinguish between adjacent
energy states (between n = 3 % 10" and 3 % 10" + 1). The energy states would
appear to form a continuum. Thus, even though the energies involved here are
small (=== 1eV), we are still dealing with a macroscopic object (though visible
only under a microscope) and the quantum result is not distinguishable from a
classical one. This is in accordance with the correspondence principle.

= 3 x 10!,




38.9 Netrepaocuevo Nnyadl Auvauikou

To OUVOUIKO gival HNOEV HETASU TWV TIMWV
0 < x < ¢ ka1l U,oe OAO TO UTTOAOITTO ONHEIQ.
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38.9 Netrepaocuevo Nnyadl Auvauikou

To OUVOUIKO EKTOG TTNYadIOU gival TTAEoV dIA@POopPO
TOU MNOEVOG, KOl TTEPTEI EKOETIKA.

H KupatoouvapTnon €vrog Kal EKTOG TTRyadiou
gival O10@POPETIKI.

H KupatoouvapTnon o@eiAel va gival CUVEXNAC -
oMaAn (UTTap¢n TNG TTPWTNG TTAPAYWYOU) Kl
TTETTEPAOCHUEVN, TTPOKEIMEVOU VO MTTOPEI VO
KOVOVIKOTTOINOEI.



38.9 Netrepaocuevo Nnyadl Auvauikou

To oxAua O&iXVEl TNV KUJATOOUVAPTNON
KOI TNV TTUKVOTNTA TTIBAVOTNTAG YIA TIC
TPEIG TTPWTEG KATAOTACEIG.




38.10 «Pi1pipi» Méoa atré ®pdyuarta
(To paivopevo Tng onpayyag)

Eidape OTI n
KUMOTOOUVAPTNON OEV —U-U,
pNnoevideTal aueca oTav
BpeOei eptTpOC O€E N A b
TTETEPAOCHUEVO PPAYHA, AAAA f _—
UTTAPXEI BN MNOEVIKN U
mIBavoTnTa TO CWHATIOIO VA (a)
BpeOei atrd Tnv AAAN TTAgupa
TOU «TOIXioU» TOU
ppPAYHOATOG.
AuUTO €ival TO QAIVOMEVO TNG
onNpayyag.




38.10 To @aIvONEVO TNG ONPAYYAG

H milavoTnTta 1o cwpaTidolo va diatrepacel («ME
PIPIPI») TO PPAYHA EKPPACETAI ATTO TOV OUVTEAECTI
EKTTOMTIAG T, KAl TOV CUVTEAEOTH avAKAaong, R
(6rmou T+ R =1). Otav 1o T gival HIKPO:

~ —2GH
I =~ e,

where

Ooo uikpoTepn N E o€ oxéon pe Tnv U,, TOOO
MIKPOTEPN N TTIOAVOTNTA TO CWHATIOIO Va
Ol1aTTEPAOCEI TO PPAYMA.



38.10 To @aIvONEVO TNG ONPAYYAG

SOV ES A Barrier penetration. A 50-¢V electron approaches a
square barrier 70 eV high and (a) 1.0 nm thick, (b) 0.10 nm thick. What is the

probability that the electron will tunnel through?

APPROACH We convert ¢V to joules and use Eqgs. 38-17.

SOLUTION (a) Inside the barrier Uy — E = (70eV — 50eV)(1.6 x 10 "7 ]J/eV) =
3.2 % 107" J, Then, using Egs. 38-17, we have

2(9.11 x 10" kg)(3.2 x 107"7]) L
- — - (1.0 X 10" m) = 46
(1.055 % 107 #J-s)

2GE = z\/

and
T = e = % = 1 x 10",

which s extremely small.
(b) For £ = 0.10nm, 2G{ = 4.6 and
T = e = 0.010.

Thus the electron has a 17 chance of penetrating a (.1-nm-thick barrier, but only
1 chance in 10°” to penetrate a 1-nm barrier. By reducing the barrier thickness by
a factor of 10, the probability of tunneling through increases 10" times!
Clearly the transmission coefficient is extremely sensitive to the values of £,
Uy, — E, and m.




38.10 EqapuoyEC TOU PAIVOUEVOU
TNG ONPAYYOS

2T NAEKTPOVIKA MIKPOOKOTTIO CAPWONG, UTTAPXEI
EVA MIKPO PEUMA AOYW TOU (PAIVOHMEVOU TNG
ONPAYYOGS HETAEU TIC OKIOAS TOU NAEKTPODIOU Kl
TNG ETTIPAVEIQG.

To NAekTPHBI0 GAPWVEI THV ‘ -

I 4 y b
EMIPAVEIQ, KOI TTPOKEIJEVOU VA O
d1aTNPROCEI TO PEUUOA QUTO \ A
OoTOBEPO, AUSOMEIWVEI TNV \¥/  tunneling

z z z Vacuum 1| :/ current
ATTOOTACH TOU ATrd TNV i

I 11
emMIQAveIa, KaTaypdpovrag  — = O\
> . Surface of specimen
£TO1 TN MOPYOAOYIA TNG
ETTIPAVEING



