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11-1 NepioTpon TEPIE oTABEPOU Aova

H avaAoyn mTepIioTPpO@IKN TTOCOTNTA ME TNV
YPOUHIKN OpHN €ival N oTpopoppn, L:
L = lw,

Evw 0 2°5 vOopog Tou NeuTwva yia Tnv
TTEPICTPOPIKN Kivnon YIVETAI:
s _ dL
3 = E
H oxéon auTtn 1Io0XUEl pOVO OTAV N POTTH
adpavelag | gival oTabepn.



OTtav 010 oUCTNUO OV OpPa ECWTEPIKN POTTN,
TOTE N CUVOAIK OTPO@OPHI TOU CUCTHHATOG
TTOPOMEVEI OTAOEPN:

% = 0 and L = leo = constant.

dt

H dia@popeTiKA,

N GTPOPOPUN EVOS CVOTIHATOS TTOPAUEVEL
otalep ePOcoV n GVVOLIKTY ECOTEPIKN
POTTH OV AGKEITAL TTAVE TOV EIVAL UNOEV.
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AUTO OonMaAiveEl:
lo = [,y = constant.

AuTO onpuaivel 611 €dv KATA TNV OIAPKEIO TNG
TTEPICTPOPNG EXOUME HETABOAN OTNV POTTH
adPAVEIONG, TOTE AVAYKAOTIKA B aAAGEEl N
YWVIOKA TaOXUTNTA

[ large, I small, &
@ small 0] large ('
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Mia pIKpp A0 M TTOU CUYKPATIETOI OATTO €va  OKOIVi,
TEPICTPEPETAI KUKAIKA TTAVW O€& €va TPATTEQI XWPIS TPIPEG,
OTTWG PAIVETAI OTO OXNMA. APXIKA N HAlO TTEPICTPEPETAI HUE
TAX0o v, = 2.4 m/s pe aktiva R; = 0.80 m. ZTn ouvExEla TO OKOIViI
METATOTTICETAI KOTOKOPUPA TIPOC TO KATW WOTE N OKTiva
TTEPIOTPOPNG VA MIKPUVEI o€ R, = 0.48 m. [loon gival o véog
TAXOG v;
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APPROACH There is no net torque on the mass m because the force exerted by
the string to keep it moving in a circle is exeried toward the axis; hence the lever
arm is zero. We can thus apply conservation of angular momentum.

SOLUTION Conservation of angular momentum gives
Lo = Lo,

Our small mass is essentially a particle whose moment of inertia about the hole is
I = mR* (Eq. 10-11). so we have

mRiw, = mRiw,.

_mH—‘Il
L ]Rg'

Then, since » = Ko, we can wrile

Rf Uy ’H% R,
iy = Ryw = Ryw, E =R1E Ri IJIE
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The speed increases as the radius decreases.



‘Eva armrAd oUoTnpa OUMTTAEKTN (VTEUTTPAYIACL)
atroTeAgital amdé dUo dioKOUug TTOU HTTOPOUV VA
TMIECTOUV METASU TOUG. O1 padeg Twv dUo dioKwv
gival M, = 6.0 kg ka1t Mgz = 9.0 kg, HE iOeg AKTIVEG R,
= 0.60 m. Apxika o1 diokol gival diaxwpiopévol. O
diokog M, EeTITAXUVETAlI ATTO OTAON Of YWVIOKN
TaXUTNTa 0, = 7.2 rad/s og xpoévo At = 2.0 s.
YtroAoyiote (a)Tnv otpo@opun Tou M,, Kkal (B)Tnv
POTTI) OU ATTAITEITAI YIO TNV EMITAXUVON TOU M, O€
®,. (Y) ZTn ouvExela o diokog Mg, apXIKA CTACIUO
AN €xovTtag TnVv gAeguBepia TNG TTEPICTPOPIKNG
Kivnong mIECeTal TTAVW oTo dioko M,, Kal ol dUo
OioKOI TwPA TTEPICTPEPOVTAI HE YWVIOKH TAXUTNTA
®,, ONUAVTIKA MIKPOTEPN a0 TNV o, AT
ouppaivel auTo Kal TTOoN gival N o,;
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Clutch. A simple clutch consists of two cylindrical plates that
can be pressed together to connect two sections of an axle, as needed, in a piece
of machinery. The two plates have masses M, = 6.0kg and My = 9.0kg, with
equal radii R, = 0.60m. They are initially separated (Fig. 11-4). Plate M, is
accelerated from rest to an angular velocity w, = 7.2rad/s in time Af = 2.0s.
Calculate {a) the angular momentum of M, . and (b) the torque required to have
accelerated M, from rest to w,. (¢} Next, plate My, initially at rest but free to
rotate without friction, is placed in firm contact with freely rotating plate M, . and
the two plates both rotate at a constant angular velocity w, , which is considerably
less than e . Why does this happen, and what is w, ?

APPROACH We usc the definition of angular momentum L = [w (Eq. 11-1)
plus Newton’s second law [or rotation. Eq. 11-2.

SOLUTION (a) The angular momentum of M, will be
L, = ILLw, = tM,Rlw, = (6.0kg)(0.60m)*(7.2rad/s) = 78kg-m’/s.

(h) The plate started from rest so the torque, assumed constant, was

AL 78kg-m?/s — 0
T = = = 3.9m-N.
Ar 2.0s
(c) Initially, M, is rotating at constant @, (we ignore friction). When plate B comes in
contact, why is their joint rotation speed less? You might think in terms of the torque
each exerts on the other upon contact. But quantitatively, it’s easier to use conserva-

tion of angular momentum, since no external torques are assumed to act. Thus

angular momentum before = angular momentum after
Loy = (I + Iy)w,.
Solving for e, we find

I ( M ( 6.0kg )
SRR VAN L R UV VI 2 = 2. _
- (‘rﬁ + IH)WJ M+ ME)M' 150 ke (7.2rad/s) 9rad/s

’
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FIGURE 11-4 Example 11-2.



H Ztpoopun €ival «didvuopuay. |
o CUMMETPIKA OAVTIKEIMEVO TTOU
TEPICTPEPOVTAI YUPW ATTO Agova
OUMMETPIOG n  O1evbuvon T1NG
OTPOYOPMNG E€ival idla HE AUTAV
TNG YWVIAKAG TAXUTNTOG

person

e
-

l L platform

«YPEUTODIAVUC O

A To 010 oupBaivel ge OAa Ta

. @ e [l dlavUuopaTa TTOU TTPOKUTTTOUV
A} J AW ” ” ’

- q . amd  efwTEPIKA  YIVOUEVQ

(a) (b) ' OIOVUO HATWYV
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Y1roBéToupe 611 £vag @oITNTHG 60-kg OTEKETAI OTNV AKPN MIOG KUKAIKAG
TTAATPOPHAG ME AKTIVA 6.0-M-TTPOCAPHUOCHEVN COE POUAEHAV ME MNOEVIKNA
TPIRN Kal potrR adpadveiag 1800 kg-m?2. H TAat@oppa gival apXIka akKivnTn
Kal 0 @OITNTAG apXilel va TpEXEl ME otToudn 4.2 m/s (wg TTpog TN I'n) Katd
MAKOG TNG TTEPIPEPEING TNS TTAATPOPHAS. BpeiTe TRV ywvIaKR TaXUTNTA
TNG TTAATPOPMAG

APPROACH We use conservation of angular momentum. The total angular
momentum is zero initially. Since there is no net torque, L is conserved and will
remain zero, as in Fig. 11-5. The person’s angular momentum is L., = (mR*)(v/R),
and we take this as positive. The angular momentum of the platformis L, = — /.
SOLUTION Conservation of angular momentum gives

L = Ly + L

0 = mﬁz(%) — Jw.

plat

S0
mRv (60kg)(3.0m){4.2m/s)

! 1800 kg -m-”

NOTE The frequency of rotation is f = w/27 = 0.067 rev/s and the period T =
1/f = 15s per revolution.

ity =

= ().42 rad/s.
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Edv utToO€00OUE OTI KPOATAW £Va TPOXO
TTOONAATOU TTOU TTEPICTPEPETAI KA
OTEKOMOI TTAVW OE TTAATQOPMO TTOU UTTOPEI
Va TTEPICTPEPETAI XWpPIS TPIRN. TI 0a cuuBei
AV CAPVIKA AQVTIOTPEYW TNV Popda
TTEPICTPOPNG TOU TPOXOU;

RESPONSE We consider the system of turntable. teacher, and bicycle wheel. The
total angular momentum initially is L vertically up\xard That s also what the
system’s angular momentum must be afterward, since L is conserved when there
I8 no net torque, Thus, if the wheel's angular momentum after being flipped over
is —L downward, then the angular momentum of teacher plus turntable will have
to be +2L upward. We can safely predict that the teacher will begin spinning
around in the same direction the wheel was spining ornginally.

—_— —
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11-2 ESwTEPIKO INVOPEVO AlAVUOHATWY

Opifoupue TO ECWTEPIKO YIVOUEVO OUO
OIAVUCNATWY WG:

C = |A XB| = ABsinb.

H kateUBuvon Tou d10vVUOHATOC TTOU TTPOKUTTTE
TTPOOodIoPIJETAI ATTO TOV KAVOVA TOU OEEIAG

TTOAAUNG .

C=AxB
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EVAAAOKTIKOG OPIOHOG VIO TO ECWTEPIKO
YIVOMEVO Eival:

i j k
AXB = |A, A, A,
B, B, B,

= (AyB; — A B))i + (A;B, — A,B;)j + (A.B, — A,B,)k.
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OPIOUEVEC 1010TNTEG:




H Po1rr) pu1TopEi va opIoTEi WG TO EEWTEPIKO YIVOUEVO
TNG METATOTTIONS TOU ONMEIOU PE TV dUvVAMN:
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To di1avuoua Ttng Potrng

Y1roB8£éoTe TO d1dvUuopua 7 BPiOKETAI OTO
emiTredo xz, ko ¥ =1.2mi+ 1.2mk.

Bpsite TO SIGVUOHA TNC POTTAC T €4V F =

150N i.
APPROACH We use the determinant form, Eq. 11-3b.
ik
SOWUTION 7 =i xF = [12m 0 12m| = 0i + {(180m-N}j + Ok.
ISON O 0

S50 7 has magnitude 180 m-N and points along the positive y axis.

EXERCISEE If F =50Ni and ¥=20mj. what is 2 (a) 10mN, (b) —10mN,
(¢) 10mNk, (d) —10mNj. (¢) =10 mN k.
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11-3 ZTpOo@opu CWHATIOIOU

H otpo@opun evog cwpuaTtidiou diveTal
aT1rd TN OXEON:

L

Y

|
- |
X
g7

-
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MaipvovTac TNV TTapdywyo Tou | BpioKoupE:

dL ~dp
— = ¥ X —-.
dt dt
, dp dL
A FTX2ZF = F X— = ,
Etreidon r r I 7
Bpiokoupe: X7 = Z_[L



BpeiTe TNV OTPOPOPHN EVOG
owpaTIdiou pAZag m TToU KIVEITAI MJE - )-\m
TAXUTNTA v KUKAIKA ME OKTIVO I KO // \\
@opPA AVTIOETN ME AUTH TWV OEIKTWV p
TOU poAoyiou. I\ O
\\\ P P
~ -

RESPONSE The value of the angular momentum depends on the choice of the
point O. Let us calculate L with respect to the center of the circle, Fig, 11-13,
Then ¥ is perpendicular to p so [ = |f |‘1| = rmuv. By the rnight-hand rule,
the direction of L is perpendicular to the plane of the circle, outward toward the
viewer. Since v = wr and I = mr’ for a single particle rotating about an axis a
distance r away, we can wrile

=

.. = mvwr = mrom = [w
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11-4 2TpOo@OPHN ZUCTHHUATOG
2WHaTIOIWV-TevikA Kivnon

H oTpo@opun evog CUCTAMATOG CWHATIOIWYV duvaTal
va METABANOEI HOVO €AV UTTAPXEI ECWTEPIKN POTTH- O
POTTEC €€ AITIAC EOWTEPIKWYV OUVANEWY avaipouvrai

METASU TOUCG.

dL B}
d_t — z Text -
H oxéon autn 1I0XUEl YO OTTOIOONTTOTE AOPAVEIOKO

ouoTnUa. loxuel akoun Kai yia To Kévrpo Madag
OKOMO KOl oV OUTO ETTITAXUVETAI.

—

dL B,
dt CM _ ETCM.
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11-5 2T1po@opun Kal PO1rA yia OTEPES ZWHA

Na Eva oTEPEO CWHA ATTOOEIKVUETAI OTI
N ocTPOYOPHN TOU OIdETAI ATTO TN OXEON:

Ly = lo.
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H unxavn tou Atwood

OT1TWwg £Xoupe Cavadei n KNXOVH TOU N
Atwood artroteAsital amro dUo MAdleg,
m, Kal Mg, TIOU OUVOEOoVTal MHEOW
TPOXOAIOG ME Eva IMAVTO OMEANTEQCS
padag. Eav n TpoxaAia €xel akTiva R,
Kal poTtry adpdveiag |, Bpeite tnv

EMITAXUVON TWV Jadwv m, Kol Mg, Kal,

OUYKPIVATE ME TNV TTEPITTTWON OTTOU N
POTT AdPAVEIOG TNG TPOXOAIAG E€ival
MNOEV.
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Copyri, |

| APPROACH We first determine the angular momentum of the system, and then

apply Newton’s second law, 7 = dL/dl.

SOLUTION The angular momentum 1s calculated about an axis along the axle

through the center O of the pulley. The pulley has angular momentum [, where

w = v/ Ry and v is the velocity of m, and mg at any instant. The angular momentum
of mi, 18 Rym , v and that of mgis Bymgv. The total angular momentum is

L = (m, + mgloR, + 1.

Ry

The external torque on the system, calculated about the axis O (taking clockwise

as positive), 15

T = mpgRy, — mygR,.
(The force on the pulley exerted by the support on its axle gives rise (o no torque
because the lever arm is zero.) We apply Eq. 11-9a:

_ dL
T
dv I dv
E”IB - mﬁ}gm! - {”rﬁ + m“} Ry dl ! R, dt .

Solving for a = dv/di, we gel

g = dv (mp — m,)g _
dt (my + mg) + I/R]
If we were to ignore I, a = (my — m,)g/(my + m,) and we see that the effect
ol the moment of inertia of the pulley 1s to slow down the system. This is just
what we would expect.




KpaTtdpe 1O TPOXO £VOG TTOONAATOU
OTTO TOV AEOVA TOU OTTWG PAIVETAI

Rotation
oT10 OXAMA. O TPOXOG TTEPICTPEPETAI g;;;jf;;*,m I
vpAyopa . EGv emixeipRooupE va bl Rotaﬁ(fm .
OVUWWOOUME TO TPOPO KATAKOPUPA for lifting
whnee

TTPOG TA TTAVW (£TO1 WoTe TO KM va
METATOTTIOTEI KATAKOPUPQ)
TTOPATNPOUME OTI O TPOXOG «OEAEI»
va KivnOei rpog Ta ded1d. MNari;

RESPONSE To explain this seemingly odd behavior—you may need to do it to
believe it—we only need to use the relation 7, = dL/di. In the short time Af,
you exert a net torque (about an axis lhmugh your wrist) that points along the x axis
erandlculdr to L. Thus the chdng{, in L is

so AL must also point {ﬂppri]}{imﬂl{ll}’l}llilﬂg the x axis, since 7, does (Fig. 11-17b).
Thus the new angular momentum, L + AL, points to the right, looking along
the axis of the wheel, as shown n Fig. 11-17b. Since the angular momentum 1s

directed along the axle of the wheel. we see that the axle, which now 15 along
L + AL, must move sideways to the right, which is what we observe.



2€ £va ouoTnua 1Tou O¢gv gival
«lUYOOTAONIOHEVO» N OTPOPOPMN KAl

N YWVIOKER TaXuTnTa O€EV givai L,

EUOUYPAMMIOMEVEG KAI ATTAITEITAI POTTN
YIO VO OUVEXIOEI Eva TETOIO CUCTNMO
VO TTEPIOTPEPETAI.

Let us go one step further with the system shown in Fig. 11-18, since it i1s a
fine illustration of =7 = dL/dt. If the system rotates with constant angular
velocity, w. the magnitude of L will not change, but its direction will. As the
rod and two masses rotate about the z axis. L also rotates about the axis. At the
moment shown in Fig. 11-18, L is in the plane of the paper. A time dt later,
when the rod has rotated through an angle dé = wdt, L will also have rotated
through an angle d# (it remains perpendicular to the rod). L will then have a
component pointing into the page. Thus dL points into the page and so must dL/dt.
Because

we see that a net torque, directed into the page at the moment shown, must be
applied to the axle on which the rod is mounted. The torque is supplied by
bearings (or other constraint) at the ends of the axle. The forces F exerted by the
bearings on the axle are shown in Fig. 11-18. The direction of each force F rotates
as the system does, always being in the plane of L and é@ for this system. If the
torque due to these forces were not present, the system would not rotate about the
fixed axis as desired.

Uy It N SV UY S UUE L ULy

Axle

Bearing
] ———
F

Bearing



Bpeite TO HEYEBOG TNG POTTHG
Tt TTOU OTTAITEITAI YIO VO
OUVEXIOEI VO TTEPICTPEPETAI
TO CUCTNMA.

APPROACH lIigure 11-20 1s a view of the angular momentum vector, looking
down the rotation axis (z axis) of the object depicted in Fig. 11-18, as it rotates.
I.cos ¢ is the component of L perpendicular to the axle (points to the right in
Fig. 11-18). We find 47 from Fig. 11-20 and use 7, = dL/dt.

SOLUTION In a time df, L changes by an amount (Fig. 11-20 and Eq. 10-2b)
dl. = (Lcosg)df = Lcosd e dt,
where w = df/dr. Hence
_aL
Thet = i

Now L = Ln+ Ly = rampvy + rghigy = rymylwr,sing) + rg niglorgsing) =
(mari + myrhjwsing. Since I = (myri + mgrh)sin® ¢ is the moment of inertia
about the axis of rotation, then L = lTw/sind¢. So

Toet = whcosd = (m,ri + myrie’sindcosd = Jw'/tan ¢.

= wl cos o,

<

j‘ Bearii:g

Axle

L]
;Et

Bearing

L. cos o (at ime 1)

FIGURE 11-20 Angular momentum
vector looking down along the rotation
axis of the system of Fig. 11-18 as it
rotates during a iime di.



11-6 AlaTAPNoN TNG ZTPOPYOPUNAS

Edv n potrn o€ Eva cuoTnUa gival oTaBepn TOTE,

ar. _ 0 and L = constant. =7 = 0]
dt

H ocvvoldikn oTtpopopun evos cvoeTnuaTtog
TOPOUEVEL 6TOOEPY EQOGOV 1] GVVOLIKNY
ECOTEPIKN POTTN TTOV OPO. GTO CUCTIHUO
EIVAL UNOEV.



O deutepog Noppog Tou Kepler Aégl 611 Evag
TTAAVATNG KIVEITAI £TO1 WOTE N ATTOOTACT)
ToU a1ré TOoV 'HAIlO d1aypa@el ioeg
ETTIPAVEIEG OE IOOUG XPOVOU.

Planet

APPROACH We determine the angular momentum of a planet in terms of the vdtsin

area swept out with the help of Fig. 11-21.

SOLUTION The planet moves in an ellipse as shown in Fig. 11-21. In a time dl,
the planet moves a distance v df and sweeps out an area dA equal to the area of
a triangle of base r and height v df sin # (shown exaggerated in Fig. 11-21). Hence

dA = $(r)(vdtsin @)

and
dA i )
— = sruvsin .
df i
The magnitude of the angular momentum L about the Sun is
L = [fx mV| = mrosiné,
S0
1A 1
.
ot 2m

But L = constant, since the gravitational force F is directed toward the Sun so
the torque it produces is zero (we ignore the pull of the other planets). Hence
dA/dl = constant, which 1s what we set out to prove.




Mia ocpaipa (dtTodo) padag m KIVEITAl JE OTTOUON V KAl
EVOWHATWVETAI OTNV TTEPIPEPEIA EVOS KUAIVOpOU (Hopiou)
padag M kai akTtivag R,. O KUAIVOPOG TTOU gival apXIKA
aKivNnNTOoG ap¥iCel va TTEPICTPEPETAI YUPW ATTO TOV d¢ova
OUMMETPIOG TOU O OTToiog (0 Agovag) Oev HETAKIVEITAL.
AyvowvTtag TpIREG, TTOON €ival N YWVIOKK TAXUTNTA TOU
KUAIVOPOU HETA TNV Kpouon; AlaTnpEiTal N KIVNTIKA EVEPYEIQ;
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APPROACH We take as our system the bullet and cylinder, on which there is no
net external torque. Thus we can use conservation of angular momentum, and we
calculate all angular momenta about the center O of the cylinder.

SOLUTION Initially, because the cylinder is at rest, the total angular momentum
about O is solely that of the bullet:

L = [t xpl = Rymu.
since Ry i1s the perpendicular distance of p rom O. After the colhsion, the
cylinder (/. = s MR) rotates with the bullet (/, = mRj) embedded in it at
angular velocity a.

I = lo = (Iy + mRjje = (M + m)Rjo.

Hence, because angular momentum is conserved, we find that w 1s
L muR, mu
f_’u = = =

(3M + m)R; Ifs'_rM + m}Rﬁ - [&M + m)R“-

Angular momentum 1s conserved in this collision, but kinetic energy 1s not:

Ki— K =1 ,-_-:},]'lfﬂ: + %{mﬂﬂ}cﬂz — T’

= é—{% MR )w® + %{mﬁﬁ]mz — sm’

T mu R
= j{jM =+ m}(m) — My

- mM 3

T UM+ Am
which 1s less than zero. Hence Ky < K. This energy is transformed to thermal
energy as a result of the inelastic collision.

Copyright !



11-7 ZBouUpeg

O agovag TeEPICTPOPNG
MIa of3oupacg Ba
METATOTTI(ETOI (Precess)
YUPW OTTO TO ONMEIO
€TaPNg TnNG ofloupag
AOYW TNG POTTAS TTOU
onuIoupyEi N BapuTnTa
OTaV O AgoVvag TNG

ofoupac O¢ev givai
KOTOKOPUPOCG.
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H ywviakn TaxutnTa TNS METATOTTIONG TOU
agova TTePIOTPOPNGS (precession) givai :

Mgr

0 = :
lw
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11-8 lNepioTpe@oOpEVA ZUCTAHATA AVOPOPACS
Auvapeic Adpaveiag

People on ground
appear to move
this way

Q¢ adpavelako /\
opicape Eva ocuoTna a\

OTTOU 10X UOUV Ol -M@"\,‘;;hofbau
vopoil Tou NeUTwva. ) e
‘Eva oUoTnua R
ava@opAag TTou Rotating reference frame
1T£pIO'TQé(p£Td'I EXEI e T
YWVIAKDN ETTITAXUVOT | e seen
KOl ETTOHEVWG e
opIopEVA BeV gival y
«OUOTNPO» o P
ad pavEID K& Tnertial reference frame
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YTTapXel IO @aIVOUEVOAOYIKN) OUvVAN TTOU
OCKEITE TAVW OE OVTIKEIMEVO  TTOU
BpiokovTal HEOO O€ €va OUCTNMO TTOU
mepioTpéPeTal. H «weutoduvaun» auth,
EXEI POPA TTPOC TA £CW KOI TNV OVONALOUME
(PUYOKEVTPOG OUVaN).
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11-9 To paivopevo Coriolis

2€ £VA OVTIKEIMEVO TTOU .

KIVEITOI OE PN adPaAVEIOKO y
oUOTNMA, AOKEITAI GAAN pIO / \Js
«peutoduvaun». Touto | i B‘Path "
yiaTi foﬂo’og KIVEITAI TO \\\ 4 // bl
OVTIKEIMEVO TTPOC 4
peyaAUTEPN OTTOGTAGH OO nertial refoence frame

TOV d¢ova TTEPICTPOPNG, N P N
YPOMUIKA TOU TaxXUTNTA / / A
(e@aTrTOpEVN) BEV / i B
auaveTal. AuTtd £Xel wWg b "F:'/‘}S
QTTOTEAEO A TO AVTIKEIUEVO \ P f/

va eJ@aAvilel MIa «TTAGYI0» - 4

\n\ =

i

“ ETATOTTTI Un . Rotatinézrewfé;ence frame
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11-9 To paivopevo Coriolis

To @aivopevo Coriolis \ /
guBUVETAI VIO TNV e ~——
TTEPIOTPOPN TWV AEPIWV / \
MalwvV (KaTalyideg) yupw

ATTO TTEPIOXEG XAMNAWY \ /
MECEWV—

ApIoTEPOOTPOYPA OTO X pressure " ——
BOpeio nUIC@AipIo Kal / \

AgCiooTpoa oto NOTIO.

H emitayuvon Coriolis
givai:
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