17. Consider the following vector quantities: displacement,
velocity, acceleration, momentum, angular momentum,
torque. (@) Which of these are independent of the choice
of origin of coordinates? (Consider different points as
origin which are at rest with respect to each other.)
(b) Which are independent of the velocity of the coordi-
nate system?

17. (a) Displacement, velocity, acceleration, and momentum are independent of the choice of origin.
(b) Displacement, acceleration, and torque are independent of the velocity of the coordinate system.

7. If all the components of the vectors \5’] and \5'1 were reversed
in direction, how would this alter i’l X "_t}g?

8. Name the four different conditions that could make
i"'r] b e i':rz = ﬁ

9. A force F = Fj is applied to an object at a position ¥ =
xi + yj + zk where the origin is at the cM. Does the
torque about the cM depend on x? On y? On z?

The cross product remains the same. Tf’l xi’l = (—f"] ) x(—i"z]

8.  The cross product of the two vectors will be zero if the magnitude of either vector is zero or if the
vectors are parallel or anti-parallel to each other.

9.  The torque about the CM, which is the cross product between r and F, depends on x and z, but not on
Y.



3. (II) A person stands, hands at his side, on a platform that is
rotating at a rate of 0.90 rev/s. If
he raises his arms to a horizontal
position, Fig. 11-30, the speed of
rotation decreases to 0.70 rev/s.
(a) Why? (b) By what factor has
his moment of inertia changed?

FIGURE 11-30
Problem 3.

6. (1) A uniform horizontal rod of mass M and length £ rotates
with angular velocity @ about a vertical axis through its
center. Attached to each end of the rod is a small mass m.
Determine the angular momentum of the system about
the axis.

15. (II) A nonrotating cylindrical disk of moment of inertia [ is
dropped onto an identical disk rotating at angular speed w.
Assuming no external torques, what is the final common
angular speed of the two disks?

3. (a) Consider the person and platform a system for angular momentum analysis. Since the force and
torque to raise and/or lower the arms is internal to the system, the raising or lowering of the
arms will cause no change in the total angular momentum of the system. However, the
rotational inertia increases when the arms are raised. |Since angular momentum is conserved, an]
|increase in rotational inertia must be accompanied by a decrease in angular Velocity.|

090
by L=L — lo=ILo — jfzfiﬂzjfi/ﬁ
@, ﬂ.?{]rev/s

=1.2861 =131

The rotational inertia has increased by a factor of |1.3].

6. The angular momentum is the total moment of inertia times the angular velocity.

L=lo=[£ME +2m(+2) |o=|(EM +im) o

15. Since there are no external torques on the system, the angular momentum of the 2-disk system is
conserved. The two disks have the same final angular velocity.

L=L — lo+i(0)=2l0, — |0, =to




.{I}bhnwthat{a]l j§<j=i:><ﬁ=u, (b)ixj=k,
= i

20. (I) If vector A points along the negative x axis and vector B

along the pt)ﬁlll\ﬁ z axis, what is the direction of (a) AXB
and {h} B x A? (c) What is the magnitude of A % B and
B x A?

|><k——] dndj ic

20. We use the determinant rule, Eq. 11-3b.

21.

(a)

(b)

(c)

(b)

- -~

ik
AxB=|-4 0 0|=i[(0)(B)~(0)(0)]+i[(0)(0)~ () (B)]+k[(~4)(0)-(0)(0)]
0 0 B

= ABj
So the direction of A x B is in the m direction.

Based on Eq. 11-4b, we see that interchanging the two vectors in a cross product reverses the

direction. So the direction of Bx A is in the —j direction.

Since A and Bare perpendicular, we have |Ax]§| = |]§><11| = ABsin90° = | 48|

For all three expressions. use the fact that |i ¥ ﬁ| = ABsin#. If both vectors in the cross

product point in the same direction, then the angle between them is #=0° Since sin0°=0,a

vector crossed into itself will always give 0. Thus ixi= jxi —kxk=o0l

We use the determinant rule (Eq. 11-3b) to evaluate the other expressions.

i j kK

ixj=[1 0 0[=i[(0)(0)-(0)(1)]+j[(0)(0)—(1)(0)]+K[(1)(1)-(0)(0)] =k
0 1 0
i ] ok

ixk=[1 0 0/=i[(0)(1)-(0)(0)]+j[(0)(0)- (1) (1)]+K[(1)(0)-(0)(0)]=-j
0 0 1
i ]k

ixk=10 1 0[=i[(1)(1)~(0)(0)]+i[(0)(0)~(0)(1)]+Kk[(0)(0)~(0)(1)] =i
0 0 1




22. (1) The directions ol vectors A and B are given below for 22. (a) East cross south is |inm the mund|.
several cases. For each case, state the direction of i'i % B. (b) East cross straight down is north,
() A points east, B points south. () A points east, B points
straight down. (¢) A points straight up, B points north.
() A points straight up, B points straight down.

(¢) Straight up cross north is
(d) Straight up cross straight down is @ (the vectors are anti-parallel).

23, ﬁt!]:iﬂwgal% |i5 t%‘: Fé.:f-lc ® between two vectors A and B, 23. Use the definitions of cross product and dot product, in terms of the angle between the two vectors.
i = A - B!

(405 . ) |ixﬁ|:i-ﬁ — AB|sinﬂ|:ABcusﬂ — |sin.'?|:cos£i‘
24. (II) A particle is located at ¥ = (4.0i + 3.5j + 6.0k) m.
Eﬁ. EIJI‘CC PF“ ;L[Q{L . ;.DE] N m::s on il.i»‘»’hat ig the torque, This 1s true only for angles with positive cosines, and so the angle must be in the first or fourth

calculated about the origin? quadrant. Thus the solutions are & = 45°,315%. But the angle between two vectors is always taken

to be the smallest angle possible, and so & =|45°|.

@ 2008 Pearson Education, Inc., Upper Saddle River, NI, All rights reserved. This material is protected under all copyright laws as they
currently exist. Mo portion of this material may be reproduced. in any form or by any means, without permission in writing from the publisher.
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24. We use the determinant rule, Eq. 11-3b, to evaluate the torque.

i j Kk
t=FxF=[4.0 35 6.0/msN
0 9.0 -4.0

= {i[(3.5)(~4.0) = (6) (9)]+ J[(6) (0) ~ (=4) (4)] + R[(4) (%) ~ (3) (5 [ meN

= (—68i+16]+ 36k ) m:N



25,

(IT) Consider a particle of a rigid object rotating about a
fixed axis. Show that the tangential and radial vector
components of the linear acceleration are:

A, = &« XF and ap = @ X V.

- (IT) {a) Show that the cross product of two vectors,

A= Ayi+ Ayj+ Ak, and B = Byi + Byj + B:k is

#
]

."_i * E - (A}IH: - A:B}l}i + (A-'HI - A.THZ}]

+ (AyBy — AyBy)k.

(b) Then show that the cross product can be written

i j k
AxB = |A, A, A
By B, B,

where we use the rules for evaluating a determinant. {Note,
however, that this is not really a determinant, but a
memaory aid.)

We choose coordinates so that the plane in which the particle

rotates is the x-y plane, and so the angular velocity is in the z
direction. The object is rotating in a circle of radius rsiné,
where ¢ is the angle between the position vector and the axis of
rotation. Since the object is rigid and rotates about a fixed axis,
the linear and angular velocities of the particle are related by

v =@rsinf. The magnitude of the tangential acceleration is
a_ = arsinf. The radial acceleration is given by

3

Vv
aF\‘. = . =V .
rsin rsinfd

speed. See the diagram showing the various vectors involved.

= vew. We assume the object is gaining

The velocity and tangential acceleration are parallel to each other, and the angular velocity and
angular acceleration are parallel to each other. The radial acceleration is perpendicular to the
velocity, and the velocity is perpendicular to the angular velocity.

We see from the diagram that, using the right hand rule, the direction of a is in the direction of

®xV. Also, since @ and v are perpendicular, we have |[T:r>< 'Tf| = v which from above is

ver = a,. Since both the magnitude and direction check out, we have |a, =@ x V|

We also see from the diagram that, using the right hand rule, the direction of a__ is in the direction

of @XF. The magnitude of @XF is |ﬁ><f| = arsinf, which from above is arsin@ =a_. Since

both the magnitude and direction check out, we have |4 =@ XxF|

tam




-

. (@) We use the distributive property, Eq. 11-4c, to obtain 9 single-term cross products.

26
AxB=(di+dj+Ak)x(Bi+Bj+Bk)
=AB (ixi)+ 4B (ixj)+AB (ixk)+AB (jxi)+4 B (jxj)+ 4B (jxk)

26. (Jl) (a)AShow that the Cross. product of two vectors,
A= Axit+ Ayj+ Ak, and B = Byi + Byj + Bk is

+ (AyBy — AyBy)k +AB (kxi)+AB (kxj)+AB (kxk)
(b) Then show that the cross product can be written Each of these cross products of unit vectors is evaluated using the results of Problem 21 and Eq.
11-4b.
i j Kk AxB=AB (0)+ ABk+AB (-j)+ AB (-k)+4,B,(0)+4Bi
AXB = Ay A, A, . -
B. B, B, +ABj+AB (-i)+A4B_(0)
=ABk-ABj-ABk+ABi+ABj-ABi

where we use the rules for evaluating a determinant. (Note,
however, that this is not really a determinant, but a

(4,B.-AB))i+(4B ~A4AB)j+(4B 4B )k

v

(b) The rules for evaluating a literal determinant of a 3 x 3 matrix are as follows. The indices on
the matrix elements identify the row and column of the element, respectively.

memory aid.)

a, 4, da;
i a"lall) + a, (ﬂzlasz - 'a:zaal)

o

a!l all 23 = I:I]l (allaﬂ o allall) + al! (‘IZSH

ﬂl3 1 all ail
Apply this as a pattern for finding the cross product of two vectors.

-

i j kK
i(4B —A4B)+j(4B - 4B )+k(4B -4B)

AxB=[4, A4 4
B.'r B_I' B:
This is the same expression as found in part (a).



32, (I) What are the x, y. and z components ol the angular
momentum of a particle located at = xi + yj + zk 32. We use the determinant rule, Eq. 11-3b, to evaluate the angular momentum.

e

which has momentum p = pyi + pyj + p:k? i
y

o

1
|

o z|=|(wp.—2p, )i+ (zp, —xp.)i+(xp, - yp. )k
. P

L=rxp=

X
P, P

34. (I) Calculate the angular momentum of a particle of mass m
moving with constant velocity v for two cases (see Fig. 11-33):
(a) about origin O,

al'ld {b] ﬂh‘out Ur1 E— e = — — — —— ——
T &
d
FIGURE 11-33 *
Problem 34. O 34. (a) See Figure 11-33 in the textbook. We have that L = r p =dmv. The direction is into the plane
35. (II) Two identical particles have equal but opposite of the page.
momenta, p and —p. but they are not traveling along the
same line. Show that the total angular momentum of this (b) Since the velocity (and momentum) vectors pass through O°, ¥ and p are parallel, and so
system does not depend on the choice of origin. L= Fxp=0.Or, r, =0.and so L =0
. Or, r, =0, =0.
-p
35. See the diagram. Calculate the total angular momentum about the origin.
L=rxp+rx(-p)=(r-£)xp . =
The position dependence of the total angular momentum only depends on L F
the difference in the two position vectors. That difference is the same no p i
matter where the origin is chosen, because it is the relative distance r,

between the two particles. |



39, (II) Four identical particles of mass m are mounted at equal
intervals on a thin rod of length £ and mass M, with one . . . . i R
mass at each end of the rod. If the system is rotated with I=1, o+l =m(0) +m(Lf) +m(34) +m&* + MO =(4m+ M)
angular velocity @ about an axis perpendicular to the rod . - - —
through one of the end masses. determine (a) the kinetic (@ K=ilo' =i($m+iM )0 =|(Im+ M)
energy and (b) the angular momentum of the system.

39. The rotational inertia of the compound object is the sum of the individual moments of inertia.

(b) L=Io=|(Ym+iM)lf w

48. (II) A uniform stick 1.0m long with a total mass of 270 g is 48
pivoted at its center. A 3.0-g bullet is
shot through the stick midway

Angular momentum about the pivot is conserved during this collision. Note that both objects have
angular momentum after the collision.

between the pi\.-gt and one Lhnrm :Lal:'lrr — Lbu]l-:-l :mek +Lbu|]r:l: = MY [%f] = I:Lickm-l_mhullctvf {% f) -
end {Flg 11—-36}_ The bullet ) 250 mv's 140 mfs collision collision initial final final
approaches at 250m/s and - . = Mout (v,=v,)(+¢) m (v,=v.)(+¢) _3m_, (v,—v) _3(0.0030 kg)(110m/s)
leaves at 140 m/s. With what - - LA - M £ - 0.27ke) (1.0
angu]ar Speﬂd iS “.}e Sl’il:k Spi.ﬂ- | stick 1z stick  stick stick — stick ( : g]{ ' m)
ning after the collision? “Pivol =13.7 rad/s
FIGURE 11-36 65. (a) Use Eq. 11-6 to find the angular momentum.
Problems 48 and 83. i j k
L=Fxp=m(Fx¥)=(1.00kg) 0 2.0 4.0kgm’/s=|(-24i+28j—14k)kgem’/s
70 6.0 0

65. A particle of mass 1.00kg is moving with velocity i j k
V= [:T.Di + 6.ﬂj} m/s. (a) Find the angular momentum L= _ - -
L relative to the origin when the particle is at () T=FxF=|0 20 40m-N= (]ﬁj—S.ﬁk)m-N
F = (2.0j + 4.0k)m. (b) At position ¥ a force of F = 4.0Ni 40 0 0
is applied to the particle. Find the torque relative to the
origin.




70. The position of a particle with mass m traveling on a helical

path (see Fig. 11-45) is given by

T = Rcos(zi)i + Rsin(zi)i + zk
d d
where R and d are the radius and pitch of the helix, respec-
tively, and z has time dependence z = w,f where v; is
the (constant) component of velocity in the z direction.
Determine the time-dependent angular momentum L of the
particle about the origin.

FIGURE 11-45 Problem 70.

d. -
70. Note that z = v_f, and so &= =v_. To find the angular momentum, use Eq. 11-6, L=rxp.

dt
r= Rcas[ﬁ}i+ Rsin(zﬁ)j+ 7k = Rcos[ l?Wzt)i# Rsin( 2jwz":)j+ v_tK
d d d d i

d_' Vv 2 fl- 2y 2av_t - -
v :_I' =—R J"E'l_ Si]‘l( ﬂ'Vz )i+R mz CGS( mz )]+Vzk
dt d d d d

N , 2av : , :
To simplify the notation, let ¢ = =. Then the kinematical expressions are as follows.

F = Rcos(at)i+ Rsin(at)j+v_rk ;v = —aRsin (o) i+ aRcos(a) j+v.k
i P&

L=rxp=mrxv=m| Rcos(at) Rsin(at) vt
—Rasin(at) Reccos(at) v

zZ

=m [sz sin (arr} - R.{Ivzfcns{m]]i +m [—Rm?__.f sin () — Rv.- cos [m‘]]j

+ m[Rzamsz () + R*arsin’ [m‘]i|l7;

= mRv, [sin(at) — et cos (at)] i + mRv_[—-atsin (cut) —cos(et)] j+mR ak

=mRv_ {[sin (arr) - afrcus(m)]i + [—m‘sin (cxt) - cc-s(mt)]j + .:ja' ﬁ}

Z

] (Exrz) 27z [Erz) . 2rz [Zﬁz) [Efrz) ~ 27R
=|mRv_<| sin - cos i+|— sin —cos| — [ |j+t—k
{[ d d d d d d d




