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Avaokotnon KBavtikng Mnxavikng

Il.
Il

IV.

Vi.

Ta 30 xpovia mou aAAaéav tn Puaikn

Aiwpara KBavrikn¢ Mnxavikng 5
H xpovikwg ave¢apTnn eiowon Tou Schrédinger Ll

Apxn aBeBaidtnrac il
2uppoAiouoc Dirac (bra-ket)
MNapadeiypara Abong iowanc rou Schrédinger ©
= &AeU@gpo owpudrio ’

; , , , George Gamow
- owpario ot 1, 2-, 3-61a0TATO PPEATIO OUVALIKOU THRTY YEARS

..........

- LoVOSIGaTATOC APOVIKOS TAAQVIWTAC THF/’\HT%I{ §)K
- TEPIOTPOYI) OF 2 Kal 3 OIa0TACEIS, GTPOYOPLN The Story of Quartum Theory
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Ta 30 xpovia Tou aAAagav Tn Quoikn *

AvemiAura puzzle Tn¢ KAQGOIKNC QUOIKNC OTIC apxéC Tou 20°V aiwva

- AkrivoBolia uéAavo¢ ocwuarog OEQPIA — IMEIPAMA
- QwTONAEKTPIKO QPAIVOLEVO

- ®aivousvo Compton

- OgpuoXwWPNTIKOTNTA OTEPEWV
- @dqouara arouwv

- Xpwua opuKTwy

- Kal aAAa

TuAua eaouaTog
EKTTOUTING ATOMWV Fe

Evtaon exnopmic

Ll L LI |“

i
415 420
MnRkoc kKUpaTog, A/NMm

*G. Gamow, “The 30 years that shook Physics”, Dover ed.

* 2. Tpayavac, “KBavrounyavikn”, [IEK

POYZIKOXHMEIA | : MOPIAKH ®AZMATOZKOIMIA (I’ €€. 2024)




<«

1897

JJ.Thomson

AvakéAun Tou NAeKTpoviou
(Evémra3.1)

<

1910

Métpnon Tou gopTiou Tou
nAektpoviou ano tov Millikan
(Ek. 3.2)

<«

1924

L. de Broglie’s
Kupatoowpatidiakég
Suiopog (Evotnta 3.4)

<

1927

Apxn TG aBepaidtnTag
Tou Heisenberg
(Evotnta 3.4)

>
1909 B

H avakduyn
Tou TUpVa amod Tov
Rutherford (Eik. 3.3)

1913

To mpWTOo KPAVTIKO ATOUIKO
nipotuno anod tov Bohr
(EvétnTa 3.3)

1926

Kupartikn e€iowon tou

Schrédinger {
(Evotnta3.5) *

1932

J. Chadwick

Avakdhuyn Tou VETpoviou
(Evotnta 3.1)




Ta 30 xpovia rou aAAagav Tn QuoiKn)

Ym60gon Planck (1900):

KBavrwon tn¢ evépyeiac Tou wroc

Nobel ®uaikiic E—=nhv h : oraBepa Tou Planck [ X o
6,626x103 Js
1918
Maximum AkrivoBoAia yéAavo¢ owuarog
& | duoik: E, . = kgT
5 {J N. Wien (ueraromone)  KAAOTIK QUOIKN : Eqg = Kp
E sl | AmaxT = CONSL. | N Stefan-Boltzmann : M = g T4 g: 5.670x10°8 W/m2K4
A | N.Rayleigh-Jeans dE = pdA, p =87k T /A’
E % i’;f;iif‘a”tﬂre (Yepiwdn¢ karaorpon)
| & NG Planck o1aBepd Boltzmann
- oioc Tranc hy ks = 1.38x102 J K
é p~k4 E:nh\/ —> Eosc = th/kBT 1
Wavelength, 1 87 V3 8/cC

(v,T)=

,O(ﬂ,,T) = /15 (ehc/ﬁkBT .

C3(ehv/kBT _1) 1)

http://www.chemteam.info/Chem-History/Planck-1901/Planck-1901.html



Ta 30 xpovia rou aAAagav Tn QuoiKn)

Einstein (1905): Auadikn @uon rou Qwroc.
@0 : HM koua < owparidio (owrovio)

Nobel duaikng h Bl =
= == N
192 1 | E=hv P A 3%‘ \\ A

KAion “hy' . Epunveia pwronAekipikod pavopévou &

3.0 - o
/

/ E.=hv—¢ o:éyocaywyric

. / —— = OEPUOXWPNTIKOTNTA OTEPEWV
(kBavrwon evépyeiac UAng)

(Cv)vib:(aEuj :NkB(G)Uj( @eiU/T zj
oT ), T (e™" -1
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Ta 30 xpovia rou aAAagav Tn QuoiKn)

QWTONAEKTPIKO QAIVOMEVO

H. Hertz (1886) :  lovriouog maparnpeital katd Tnv aAAnAemtidopaan (Utrepiwdoug)
akTIVOBOAiaG-UANG.
H. Hertz, Ann. Physik 31,983 (1887),
H. Hertz, "On an effect of UV light upon the electric discharge®, (Sitzungsber d. Berl. Akad. d.

Wiss., June 9, 1887)

J. J. Thomson (1899): Ta owuaridia (corpuscles) mou e¢ayovral £X0uv OUOIES IDIOTNTEC LE TIG
KOBOJIKEC aKTIVEC DAD gival nAekTpovia.

P. Lenard (1902) : H kivnTIKA eVEPYEID TWV CWUATIdIWY AUEAVEI PE AUCNON TG GUXVOTNTAC TNG
axTIvooAiag.

A. Einstein (1905) : Auadikr @uan Tou ewtog. (A. Einstein, Ann. Phys. Leipzig 1905, 17, 132-148)

®QL : H/M kUpa < cwpartidio (ewTtovio)

POYZIKOXHMEIA | : MOPIAKH ®AZMATOZKOIMIA (I’ €€. 2024)



Ta 30 xpovia rou aAAagav Tn QuoiKn)

' PwToNAEKTPIKO PaIVOPEVO — MEIPANATIKEG TTAPATNPNOEIS

Electron
HAektpikd pevpa (i) ~ Evtaong 6eopung pwtog (1) __ /. collector
Meylotn taxutnta nAektpoviwv (v, ) # f(1) N \E_Mem

photo-

cathode

max) — f(V) window
Napatipnon porng NAEKTPLKOU PEVATOG LOVO OTAV V >V, . m_
Akoplaia mapatpnon pong NAEKTPLKOU PEVUOTOC LE TNV

aKTlvoBOANGN TOU OTOXOU. [ //
Vacuum«l e

Méeylotn taxutnta NAeKTpoviwy (U

A. Einstein (1905):  Auadiki @Uon TOU QWTOG chamber

. ) ) Khion:h 7 ]
OQ2 : H/M klua <> cwuartiolo (QuTovio)| -

1o

olts

E. : KivnTikr) evépyela e
E o — h V — gp V : guxvoTnTa QWTOC

El/electron v

E@apuodovrag katdAAnAn
(avaoTpoen) Ton, V, Yetagu

¢ : £pYO EGayWYNG , o e
| kaBAdou Kal GUANEKTN gival
T T EQIKTA N AvaOTOAA TNG

N EVEPYEID OETUEUONS NAEKTPOViWV
(binding energy) el eaywyG NAEKTPOVIGY.
®YZIKOXHMEIA | : MOPIAKH ®AZMATOZKOIMIA (I’ €€. 2024) Tore 1oguer eV =@

1.0: -




Ta 30 xpovia rou aAAagav Tn QuoiKn)

To eaoua skroutTnc Tou arouou rou Yopoyovou (H)

A/nm
s
o OO o O - - - - =
O 0000 O o o Ty) o o
o — OO Wwy = o (Y| ™ —
I T | [ I ] |
|Visible|

ot | I N

|| e
Lyman
Analysis 4 .“ Paschen

Balmer -

n'=1 <« n=2,...Lyman series /
II" Brackett nN'=2 <« n=3,... Balmerseries | -4
H raparfipnon gaopanikav ypawpav N' =3 <— n =4, .. Paschen series ""* ‘*\?\P::z’;‘;q
0€ TIOAU KoAG KaBopIopEVa KN n'=4 <« n=5, ... Brackett series \

Il
IN

n

KUMOTOC UTTOBNAWVEI PETABATEIC \ e
METOCU OIOKPITWV EVEPYEIOKWY

KATaOTACEWY ®YZIKOXHMEIA | : MOPIAKH ®AZMATOZKONMIA (I €. 2024) IOl

3
Il
(6]




Qdopa ekTouTAS TOU YOpOYyoVou

Emission Intensit

(

Paopa eKTTopTIAS TTAAOPATOC KATA

™M ewroamodounan H,O pe

TTOAUIKO AE1lep (248 nm, 450 fs)

NH 335.5nm

OH 306.6, 308.8nm

/ H3 410.17nm

Hy 434.04nm
HB 486.13nm

4000 —@

300

| 4(310T ~ 4oo

Ho 656.28nm

/

N 746.83nm/|\| 820.03nm

O 777.19nm

O 822.76nm

N 648.48nm \‘ J 842.62nm

O 615.8 | 1N 868.02nm
600 () 700 800 900 1000

Wavelength (nm)



Ta 30 xpovia rou aAAagav Tn QuoiKn)

Arouikn 6oun Kai arouIKa gaocuara
Rutherford :

lAavnTiko povréAo aréuou
Kivnon nAskrpoviwv yupw amé rov mupnva.

Niels Bohr (1913-16): O1 evepyelakéEC KATAOTAOEIC TWV ATOUWY Eival

Nobel Quaikn¢

1922

2uvouaoTiKn
apxn Tou Ritz

KBavTIOUEVES. (MetaBoAéc evépyeia AauBavouv ywoa uévo
o€ ueTaBaceic ueraéu aurwy Twv KaTaoTaogewy).

KBavrwon orpogopunc rou nAekrpoviou (€ = nh)
e’ 1

n R H
8h252n2 n2 BA. TR_Kep.2.3

12 2

- Epunveia eaouaroc £KTTOI.I1TI1§' udiojyovou
n n

hy=E, —E, = RH( T,-T.

- http//nobelprize.org/nobel_prizes/lists/al  Terms, @aouarook. 6pol



To atopo Tou YOpoyovou : Evepyelaka TTITTEO

24 gt - PP s
E, ={ e } L n=123. ¢ . \
32r°¢, h* |n hen 227 ~
12 186 cm™!
nN'=1 « n=2,...Lyman series
n'=2 «— n=23, ... Balmer series 27 414 cm-!
n'=3 <« n=4, ... Paschen series
n'=4 « n=5, ... Brackett series /%3 638 em™,

23 380cm

S6. 7T nm(H,)
j/ 486.1 nm (Hyg)
j 4345 nm(H,)
4102 nm(H)

E¢lowon Balmer

I/
4102824 cm . 97.25 nm
/

nZ 5 97491 cm ', 102 57 nm
— i _82263cm™~! 12156 nm
A=B B=3.645x10"" m il e
2 __ 22
n //I yman

E¢lowon Rydberg (Bohr)
[R,=1.09677583x107 m™!]

1 pe* (1 1
A 8gZh3c\n'? n?

OYZIKOXHMEIA |09 677em + L W

Kavovag emAoyng
Ag = +1

Aiaypappa Grotrian




Ta 30 xpovia rou aAAagav Tn QuoiKn)

Louis de Broglie : H UAn &xei duadikn popen.
(1924) 2UUITTEQIQEQETAl WC KUMA UE UNKOC KUUATOSC A KAl w¢
owuario pe pyala m kai 1axutnra u (opun p = mu).

YAH : cwuario — H/M kuua

Nobel 9uaikng¢ 1929 N h ,
WAL h : arabepa Tou Planck
P mu 6,626x1034 Js
leipaua Davisson-Germer, 1927 : 2keoaldueva

NAEKTPOVIA

[epiBAaan nAekrpoviwy amé kpdotarro Ni ﬁfg}f&‘mw
(54 eV, 0,362 nm, 6="7)

H akédaan 0Eaung nAekTpoviwv arnv Emavela KouataAiou Ni
00nyei o€ ywviakh 01aaTTopd UE XWPIKG auéouEIOUEVn EVTaan TTOU
Guulg'e/ OUUBOAN OTTTIKWY KUUATWVY (EVIGYUTIKN KAl ATTOGBECTIKN
ZIE  ouvaprioel e ywviac). [Epy. ®X-1, mepiBAacTikd ppdyual
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NATURE 559

Letters to the Editor.

[The Editor does not hold himself responsible for
opinions expressed by his correspondents. Neither
can he underiake to return, nor to correspond with
the writers of, rejecied manuscripts intended for this
or any other part of NaTuRE. No notice is taken
of anonymous communications.]

The Scattering of Electrons by a Single Crystal
of Nickel.

IN a series of experiments now in progress, we are
directing a narrow beam of electrons normally against
a target cut from a single crystal of nickel, and are
measuring the intensity of scattering (number of
electrons per unit solid angle with speeds near that of
the bombarding electrons) in various directions in
front of the target. The experimental arrangement
is such that the intensity of scattering can be measured

o 15

=
<
i
[
>
[
<
=
&
o

TARGET
F1a. 1.—Intensity of electron scattering vs. co-latitude angle for
various bombarding voltages—azimuth-{111}-330°,
in any latitude from the equator (plane of the target)
to within 20° of the pole (incident beam) and in any
azimuth.

The face of the target is cut parallel to a set of
{111}-planes of the crystal lattice, and etching by
vaporisation has been employed to develop its surface
into {111}-facets. The bombardment covers an area
of about 2 mm.? and is normal to these facets.

As viewed along the incident beam the arrangement
of atoms in the crystal exhibits a threefold symmetry.
Three {100}-normals equally spaced in azimuth emerge
from the ecrystal in latitude 35° and, midway in
azimuth between these, three {111}-normals emerge
in latitude 20°, It will be convenient to refer to the
azimuth of any one of the {100}-normals as a {100}-
azimuth, and to that of any one of the {111}-normals
as a {111}-azimuth. A third set of azimuths must
also be specified ; this bisects the dihedral angle
between adjacent {100}- and {111}-azimuths and
includes a {110}-normal lying in the plane of the

No. 2998, Vor. 119]

target. There are six such azimuths, and any one of
these will be referred to as a {110}-azimuth. It follows
from considerations of symmetry that if the intensity
of scattering exhibits & dependence upon azimuth as
we pass from a {100}-azimuth to the next adjacent
{111}-azimuth (60°), the same dependence must be
exhibited in the reverse order as we continue on
through 60° to the next following {100}-azimuth.
Dependence on azimuth must be an even function of
period 2r/3.

In general, if bormbarding potential and azimuth are
fixed and exploration is made in latitude, nothing very
striking is observed. The intensity of scattering
increases continuously and regularly from zero in the
plane of the target to a highest value in co-latitude
20°, the limit of observations. If bombarding poten-
tial and co-latitude are fixed and exploration is made
in azimuth, a variation in the intensity of scattering
of the type to be expected is always observed, but in
general this variation is slight, amounting in some
cases to not more than a few per cent. of the average
intensity. This is the nature of the scattering for
bombarding potentials in the range from 15 volts to
near 40 volts,

At 40 volts a slight hump appears near 60° in the
co-latitude curve for azimuth-{111}. This hump
develops rapidly with increasing voltage into a strong
spur, at the same time moving slowly upward toward
the incident beam. It attains a maximum intensity
in co-latitude 50° for a bombarding potential of
54 volts, then decroases in intensity, and disappears
in co-latitude 45° at about 66 volts. The growth and
decay of this spur are traced in Fig. 1,

A section in azimuth through this spur at its
maximum (Fig. 2—Azimuth-330°) shows that it is
sharp in azimuth as well as in latitude, and that it
forms one of a set of three such spurs, as was to be
expected. The width of these spurs both in latitude
and in azimuth is almost completely accounted for by
the low resolving power of the measuring device. The
spurs are due to beams of scattered electrons which are
nearly if not quite as well defined as the primary beam.
The minor peaks occurring in the {100}-azimuth are
sections of a similar set of spurs that attains its
maximum development in co-latitude 44° for a bom-
barding potential of 65 volts.

Thirteen sets of beams similar to the one just
described have been discovered in an exploration in
the principal azimuths covering a voltage range from
15 volts to 200 volts. The data for these are set down
on the left in Table I. (columns 1-4). Small corrections
have been applied to the observed co-latitude angles
to allow for the wvariation with angle of the *back-
ground scattering,” and for a small angular displace-
ment of the normal to the facets from the incident

eam.

If the incident electron beam were replaced by a
beam of monochromatic X-rays of adjustable wave-
length, very similar phenomena would, of course, be
observed. At particular values of wave-length, sets of
three or of six diffraction beams would emerge from
the incident side of the target. On the right in
Table I. (columns 5, 6 and 7) are set down data for
the ten sets of X-ray beams of longest wave-length
which would occur within the angular range of our
observations. Each of these first ten occurs in one
of our three principal azimuths.

Several points of correlation will be noted between
the two sets of data. Two points of difference will
also be noted ; the co-latitude angles of the electron
beams are not those of the X-ray beams, and the
three electron beams listed at the end of the Table
appear ta have no X-ray analogues.

The first of these differences is systematic and may

be summarised quantitatively in a simple manner.
If the erystal were contracted in the direction of the
incident beam by a factor 0-7, the X-ray beams would
be shifted to the smaller co-

In considering the computed values of n(dmu/h),
listed in the last column, we should perhaps disregard
those for the 110-volt beams at the bottom of the

latitude angles #° (column 8), 18

and would then agree in posi-
tion l'air]fr well with the ob-
served electron beams—the

average difference being 1-7°.
Associated in this way there
is a set of electron beams for
each of the first ten sets of 17

X-ray beams oceurring in the
range of observations, the
eleetron beams for 110 volts

alone being unaccounted for.,

These results are highly
suggestive, of course, of the
ideas underlying the theory

of wave mechanics, and we
naturally inquire if the wave-
length of the X-ray beam
which we thus associate with

a beam of electrons is in fact
the hjmv of L. de Broglie,
The comparison may be made,
as it happens, without assum-

GALVANOMETER DEFLECTION
>

ing a particular correspond-
ence between X-ray and elec-
tron beams, and without use

of the contraction factor. z
Quite independently of this

factor, the wave-lengths of g = T T T T = € :;_‘ g =
all possible X-ray beams T T "I' e T T 7 1 1 i e
satisfly the optical grating o0 ST % T T T T T T TN TR

formula nA=d sin 8, where d
is the distance between lines
or rows of atoms in the
surface of the crystal—these
lines being normal to the azi-
muth plane of the beam considered. For azimuths-
{111} and -{100}, d =215 x 10-8 cm. and for azimuth-
{110}, d=1-24 x 10-% em. We apply this formula to

AZIMUTH ANGLE

Fia. 2.—Intensity of electron scattering vs. azimuth angle—54 volts, co-latitude 50°,

Table, as we have had reason already to regard these
beams as in some way anomalous. The values for
| the other beams do, indeed, show a strong bias toward

Tasre I
Electron Beams, X-ray Beams, J
Azimuth. | —
| Bomb. Pot | Colat. s, | Tntensity, |Reloctions. | Ax10%cm. | Colab. 6. | Colat. 6" | e | {5}
{111} 54 50° 0-5 {220 2:03 70-5 52-7 4-36 1-65 0-99
100 31 0-5 331 1-49 440 31-6 5-04 1-11 0-91
174 21 0-9 ?442} 1-13 31-6 22:4 7-84 077 0-83
174 55 015 {440} 1-01 70-5 527 T8 176 | 2005)
100, 65 44 0-3 311 1-84 59-0 43-2 479 1-49 0-98
1001 126 29 1-0 iiZZ% 1-35 38-9 278 6-67 1-04 0-95
190 20 1-0 {533} 1-04 288 20-4 819 074 083
159 61 04 | 51 1-05 779 59-0 749 188 | 2(097)
110 138 59 007 420 1-22 785 59-5 6:98 1-06 1:02
el 170 46 0-07 15311 1-04 571 417 775 0-89 0-95
111 110 58 015 .. .. .. 623 182 156
15100% 110 a8 0-15 P ! .- . .. 5_23 1-82 1-56
{110} 110 58 | 025 .. | . . 6-23 | 1-05 | 0-90
i

the electron beams without regard to the conditions
which determine their distribution in co-latitude
angle. The correlation obtained by this procedure
between wave-length and electron speed v is set down
in the last three columns of Table I.

No. 2998, Vor. 119]

small integers, quite in agreement with the type
of phenomenon suggested by the theory of wave
mechanics. These Integers, one and two, oceur just
as predicted upon the basis of the correlation between
electron beams and X-ray beams obtained by use of



ACKNOEIC

a) Na mapaotabei ypadikd (Graph, Origin, Excel, ...) n e€dptnon tng mMUKVOTNTOC
OKTLVOPBOALOG TTOU EKTIEUTIETOL ATTO PEAOV CWHA WG CUVAPTNON TOU UAKOUG KUHATOC, A (nm),
ylua T= A, 2A, kat 4A K (A: 0 aplOUoOC pntpwou cag).

B) Amto to vopo tou Planck va eéaydyete to vopo petatoniong tou Wien kot to vopo Stefan-
Boltzmann.

To €pyo e€aywync yia ta otoxeia Ni kot Na eivat avtiotowa 5,0 kot 2,3 eV.

Molo €Vl TO HEYLOTO MAKOC KUMATOC PwTOC TO Ommolo enapkel yla tnv e€aywyn nAEKTpoviou
armo ta SVo autd otoleia;

Mota Ba elvat n KNtk evepyela Tou eAeUBePOU NAEKTPOVIOU OTLC SUO MEPUTTWOELG AV
xpnotpomnotnBet aktwvoBoAla puikoug kupatoc (A/5) nm ; (A: o aplOuoC UNTPWOU o).

HAektpovio emutaxuvel oe nAektpiko duvapiko V = 100 Volts. Molo givat To pikog KUpatog
De Broglie Tou nAektpoviou; (HB map.2-3) (A =1,226 A)

2to neipapa Davisson-Germer, to omnoio eniBePfaiwoe tnv undBeon de Broglie, nAsektpovia
grtayuvopeva og duvapiko V = 54 Volts okedagovtal otnv eripaveta kpuotarlou Ni.

Av n amootaon petady twv atopwv Ni eival d = 2,15 A va umtohoyloBei n ywvia katd tnv
ornola epdavilel peyoto n 1ng ta€ng neplBAaon Touv «KUpATOC» TwV NAEKTpoviwv. (HB 2-8)
=40 = 50,9°). Ynodelén: Na anodei§ete pe Baon amAd YEWUETPLKO OXAKA TN oUVONKN

4% U ’ ’
SE2pEipOAaonc (Nopog tou Bragg).
®YZIKOXHMEIA | : MOPIAKH ®AZMATOZKOTNMIA (I €€. 2024)




Ta 30 xpovia rou aAAagav Tn QuoiKn)

E. Schrodinger (1926) : llepiypagn ocuornuaro¢ ocwuariwv ue faon v I
Kuuarikn eicwon
(kuparoowuardiako¢ duiouocg)

Nobel duoiknc 1933 KYMATOMHXANIKH (Wave mechanics)

W. Heisenberg (1926) : KBANTOMHXANIKH (Quantum mechanics)
Nobel ®uoiknc 1932

Xpovikwg eéaprwuevn in @P(X, Y, Z,t)
giowan Schrodinger ot

= H¥(x, v, z,t)

Donald Shadoway @ MIT open university (lectures 5, 6)
g7l ttp://ocw.mit.edu/courses/materials-science-and-engineering/3-091-introduction-to-solid-state-chemistry-
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Kuparikn egicwon Schrodinger

[Aarog kUparog : Y(x,t) = Asin 27{% — %) = Asin(kx — wt)

0°Y (X, 1) _ 1 O0°Y (X, 1)

Eéiowon kuuarog :
OX” v° ot
Eorw kuparoouvdpmon :  Y(X,t) =w(X)cos(at) Lo b _2m
| 4 )
2 2 2 2 2 2 2 -2
Y(Xx,t 1 0°Y(x,t X 4 4
0 (2 ) 25 (2 ):O:@l//g)_i_a)zl//(x)zo wzzz:ﬂzp
OX D) ot OX ) ) A h
De Broglie

p? =2m(E -V (x))

Xpovikwg ave§daptntn 0 2'7” (X) 8x m
g§iowon Schrodinger PYE: + 2 (E -V (X) )gy ( x) =0
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Aiwpata TnS KBavtikng Mnxavikng

1. Zuvaprnon karacraoswc¢ N Kuuaroouvaprnon (Wavefunction)
OAn n mAnpogopia ayerika UE TV KATAoTAan EVOC QUAIKOU
ouaTnUAToC TTEPIYPAQETAl TTANPWS ATTO THV KUUaTroouvaprnon :

Yir,r, .., 1

o  HWr t) cival memepaouévn kar ouveXNC
o  HWr ) civar povoriun

H W(r, t) éxel auvexn 11 mapaywyo Kai «kaAn» 2" mapaywyo.
Aiwua rou Born — Epunveia tn¢c Komreyxaync (1927)

Eav W(rt) eivai n kuuaroouvaptnon mmou mepIypAQEl KATTOI0 GwWUATIO
/ koua, 1018 W*(rt)W(ridr eivai n m@avérnra om v xeovikij
ariyun t, owuaridlo Bpiokerar peraéu e 6EoEwg r Kai r+dr.
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[Mapadeypa (mukvomra moavotnrac)

Eorw owudrio mou mepIypaAQETAl ATTO TNV KULNATOOUVAPTNON :
1/2

1/2
P(x) = G\/12—n Mao=1(?)— ‘P(X)=L/;—ﬂelez]
H miBavornta ro cwudrio va Bpiokerai 2 .
otn 8éon x+dx gival yevikG :  P(x) = ¥ Pdx = \/%_ﬂ e~ 7 dx
21iC Béaeic x=0 ka1 x=1: P(x = 0) = max

P(x=1)=0.607 P(x = 0) S
H m@avérnra ro cwudrio va Bpiokeral o€ 6Ao o ywpo sivar : P =1

Kavovikomoinan kuparoouvdaprnang: P = fo P Pdx = “e 2y =1

1
— e
, , , , N2m T
Avalntiare ta adpiaTa Kai opiouéVa 0AokAnpwuara
ouvaprioswv Gauss ot BifAia padnuarikwv kar ato d1adikTuo. (?) : diacraoeig
Acite emion¢: AtOX-Tunua lNnywv, Mépog 1, 0€A.870.
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MNapadelypa (mbavornra)

76 Symmetry and spectroscopy X2 1/ 2

1
7 =\ v

Karavoun mi@avornrag
2Zuvaprnon Gauss

P(x)=¥"V¥ = 1 e

Jor
P(x =0) = max
P(x=1)=0.607P(x =0)

27N Bewpia Twv mlavornTwy Kai 1 aTatioTIKn, n
ouvaprnon Gauss eKpacel TNV Kavovikn
(KwdwvoEIdn) Karavoun TILWY UIac TOAYLATIKNG
(uaIKkn¢) ToodTNTAC TTOU TTPOKUTTTEI aTTO TTARBOC
T . ~ TQUTOTNUWVY UETONOEWV.
O mapovouaathic, o, ekppdlel T diacTTopd Twv

D. C Hams M. D. Bertolucci “Symmetry and Spectroscopy, Dover 1978 TILWV yUpw QTT0 1) €GN TIuI 1} TUTTIKY amokAIon.

Sl Tn ouvaptnon Gauss Ba n doUue €miong oTig

KUUATOOUVAPTATEIC TOU QPIOVIKOU TaAaviwrA.
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Aiwpata TnS KBavtikng Mnxavikng

2. TeAeorég (Operators)
2€ KABe uetpnoiun/maparnpnoiun Quaoikn 1010TnTa A, avrigroixei évag
kBavrounyavikoc reAeatAc A.
Meipauarikhi pétonon 1coduvauei pe Gpdon Tou TeAeoth A emi e
kuuaroauvaprnone Y.

Eéiowon 16ionuAc: AW =a ¥

¥ : 1éloouvaprnon a: 1010TIuN

MNaaeR A : Epuimavoc reAsorric (hermitian)

Epuimavoc reAsorne . " 1 6tavi=i
* _ * _ =)

- [lpayuartikég 1010TIUES j_w ¥ _Lo ¥ i = 06tavi#]j

- [1Anpe¢ auvoAo opBokavovikwy 10100UVaPTHTEWY
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Moapadelypara TEAEOTWY

TeAeoTAC: €ival Eva HOBNUATIKO AVTIKEIUEVO TTOU ETTITEAE pial i D
atrAf | o0vBetn pabnuartiki diepyaaia o€ pia auvaptnon P, =—1h—
(avaQEPOUE OTI 0 TEAEOTAC ETTEVEQYEI/Dpa TTAVW OTHV OX
(Kuparo)ouvaptan). 2 h? O°
TeheoTég X A kin — 2
- 1" TTapaywyou D= o Df (x) = ot (x) 2m OX
w¢ TTPOC X OX OX L = X
-2ngTmapaywyou . 92 0% (X)
A=— Af (X) = = _\/ (T
Zgﬂpog?( OX? ()= OX?° Epot =V (r)
- Aladoy KNG
o I it (y) = XA p?
TTapaywyIong XAy XAy H=- ~+V (X)
wgTpogy KaIX. _ A 2m oOX
- Movadiaiog | =identity If (x) = f(X) A .
EmA&youpe TOug TEAEOTEC QUOIKWY PEYEBWY KAt avTigTolxia ue Tnv Ix =YP, — Zpy
KAOOGTIKA NXAVIKNA O O
- ©éon, x : TOAATTAACIOOUOS €TTi X = — h(y — 7 _)
- OpyR, p : TAPAYWYOC WG TTPOC X 0z oy

gk, - Ta umoAoima peyedn wg ouvaptaon Twv X (Y, z) kai py (py, P,) A Z A
380 - HAexToikr BITONIK POTTT: § X H= 2 U

\“a"/ POYZIKOXHMEIA | : MOPIAKH ®AZMATOZKOIMIA (I’ €€. 2024) I




Aiwpata TnS KBavtikng Mnxavikng

Mérpnon @uoikn¢ 1010TnTaC

Meuovwuévn  uérpnan @uaikng 1010TNTa¢ ouaTNUATOS, N OTToIa
avrioToiyel o€ TEAEOTh A, éxel we uévo amotéAeoua uia 1510TIuA ToU
reAeoTh oluQwva ue vy eéiowon 1diomiuAc: AW =a

m.x. Mérpnon evépyeiag oro drouo rou H
O1 niuéc mmou AauBavovriar avnkouv OTIC IOIOTIUEC TTOU TTOOKUTTTOUV
a6 1 Auan tn¢ €. Schrodinger.

Epwtnua g€ Tpda@aro diaywvigua

Eotw H o TeAeaTAC evépyeiag (xapIATwvIavA) yia T GToPo Tou udpPOy6VoU Kal W3y, N
KUPOTOOUVAPTNON TOU OTOUIKOU TPOXIOKOU 3p,.

Na dwaeTe 10 amotéAeaa TS TTPAcnc mou akohouBei, ekppdlovTag v 1IBI0TIUA TG
EVEPYEIOG TOU TPOXIAKOU WG auvaptnan s a1abepdg Rydberg, Ry, kai va dwaeTe TNV TIPA
TN evépyelac o€ povadec eV kai cm. H Wi, = e
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Aiwpata TnS KBavtikng Mnxavikng

4. Méoog 6poc euaikng 1010TNTAC = Avauevouevn Tiun TEAE0TN
H upéon niun (mARBo¢ ueUOVWUEVWY UETONOEWY OF TAUTOONUES
KaraoTaoeic) maparnenoiuns 1010tnTac  ouaTAUArog 10 OTT0io
TEQIYOAQETAl aTmO  OEO0UEVN KUMATOOUVAPTNON I1ooUTal UE TV
QVAUEVOEVN TIUN TOU QVTiOTOIXOU TEAEDTN.

o A Alaotropd (TUTTIKA ATTOKAION)
(A) = j PrOAT(E)r NG péong TIpAS
[wEyw(r)dr o, = A= (A7) (A)

A. Av Y. i6ioouvdprnon tou A 1oTE KGBE LETONON B BWOEI WS
ammoTéEAEOIA TNV 10I0TIUN
Tore mpogavwe : <A>=a, kai g,=0
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Aiwpata TnS KBavtikng Mnxavikng

4. Méoog 6poc euaikng 1010TNTAC = Avauevouevn Tiun TEAE0TN

B. Av n Y dev amoreAei 1d10auvdptnon tou A givar @ikt va ekppacBei

WC YPAUUIKOC OUVOUAOUOC IB100UVAPTATEWY ToU TEAEOTH A .
Fevika: ¥=2cY,

Mérpnon = lNpofoAn cuornuaro¢ o€ 1010-Kar@oraon
KdBe uérpnan tou A, nAadhi dpdon Tou TeAoth A emmi e
Kuuaroouvdptnons Y mapdyer pia idiotiun a; pe mbavornra [c|?
To ouatnua odnyeiral (mpofarAsral) atnv kardoraan mou
replypageral amo v 1dloouvaprnon ¥

2keqreite 10 ZAPI w¢ kuuaroauvaprnan.

o\ A N\ = Exer miBavornra va pag dwael évav armo 6

*
A — j Y (r )ALP ( r )d r _ 2 apiBuouc. looduvauei Ue ypauuIkKo
< > — * (o \di - Z ‘Ci ‘ d; aguvouaouo 10100UVaPTHTEWV.
j Y (r )LP ( r ) r i Ouwg érav pifoupe 10 {GpI (ekTEAEOOULIE

uéronan) 1ote AauBavouue povo uia armo Tic
meaveg TIUEG (ia 1010TIUN).

POYZIKOXHMEIA | : MOPIAKH ®AZMATOZKOIMIA (I’ €€. 2024)



D.C. Harris, M. D. Bertolucci “Symmetry and Spectroscopy, Dover 1978

NapadeIypa (avauevopevn Tipr Béong)

Eorw owudrio mou mepIypaAQETAl ATTO TNV KULNATOOUVAPTNON :

W(X) = 1 e "* Karavour meavémnrag, W(x)?
Na U"OAOYIUTO&V' \/E — ZUVdeI’]OT] GaUSS

1. nuéon niun ¢ 6éong Tou (x)
2. n uéan Tiun Tou TETPayWVOU NS Béonc tou (x?)
3. ndiaarmopd (tutrikn amrokAian) tn¢ uéonc tiunc e 8éanc (x)

0
o, =dX= \/<x2>—<x>2 =1

Ta ouykekpiuéva oAokAnpwuara

givar €10IKa kai divovral g€ TTiVAKEC.

— . .. =1  Mmopeire va ra Bpeire ae BiAia
yabnuarikwv kai oto d1adiKTuo.

Acite emion¢: AtOX-Tunua lNnywy,

24) Mépog 1, aeA.870.




Aiwpata TnS KBavtikng Mnxavikng

5.  Xpovikn e§€Ailn kuuaroouvapTnong
H ypovikn €€EAIEN evOC auaTtnuaTrog TTEQIYPAQETAI ATTO TNV XPOVIKWC
géaprwuevn e€iowaon Tou Schrodinger :

oV (x,1)

17

ot

= HY(x,t) = —

ne 0% (X,1)

+V(X)¥(x,1)

2m  0°X*

Eotw kuuaroauvaprnon, n omoia ammoTeAEi aTQaIUN KATAGTAGN TOU OUCTAMATOC:

Y (x,t) =y (X)e(t)

oV (x,1)
ot

17

— H‘“P(X,t) — E\P(X,t)

W(x,0) =y (x)e ="

@fa Orav V = V(x), dnA. aveéaptnro Tou xpovou TOTE gival EQIKTOC 0 OIaXwPICUOC LETABANTWY
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Aiwpata TnS KBavtikng Mnxavikng

Amayopeurikn apyxn Tou Pauli

KuuaroouvaptnaeiS ol OTTOIEC  TTEPIYPAQPOUV  TTOAU-NAEKTOOVIAKO
ouaTNUa (ev yéver ouatiuara pepuioviwy — owuatiwv nuiaképaiou spin) Eival
arapqitnTa avTI-OUUUETPIKEC aTnV EvaAAayn nAEKToovViwv.

W[Xl, Y1, 21, X5 Y2 Z; ] = - W[XZ! Yos 255 X1, Y15 Zl]

lMapadeiyua : (va sAéyésre o n akéAoudn w,, Eival avTICUUPETPIK))

Ve (1.2) = % (4, Wa)¢, (2)5(2) - 4, (D (24, ) AQ)

_ %@S L), ([ ) B(2) - a(2) f)]

o N I

spin
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H xpovikw¢ aveeaptntn £¢icwaon Tou Schrodinger

HY(F) = E¥(F)

Auon ¢ géiowonc :
- Kuparoouvaprnon  ¥(x,y,z) 16loouvapTnon
- Evépyeia E 1010TIUEC
- Kabs o@uoikn 1010tnTa A TOU TTEPIYPAPETAl QIO AVTIOTOIXO
reAsorn A J‘\P*(F)ALP(F)CW

<A>=

j ¥ * (F) P (F)dF

H: XauAtwviavii Tou guoriuaroc (Hamilton)
D16 #
KAaooikry Mnyavikn : H=KE.+AE. = [ pém)] +V (F)

G R
Bavrikn Mnyaviki : H= [pérg] +V (F)

A
P
‘(f“ﬁa

l(@\“v ¢
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H xpovikw¢ aveeaptntn £¢icwaon Tou Schrodinger

HY(F) = E¥(F)

2 2
Movo-diaorara ouvoryuara (1-D) : - ;lm ddxf +V¥ = E¥Y
2
Tpio-01aorara ouornuara(3-D) : —;l—v ¥ +V¥ = EY
m
SUGTH . S R ok 20 15
uoTAUATa HE OPAIPIKN CUMUMETPIA : — S+ SN |P+VY =EY
2m\ or? r or r’
(x.y.z) — (,6,9)
. 82 82 82 5
Vi=— 4+ —+— A2=_12 82+_1 asin6?d6?
ox° oy oz sin“ @ dp°  sind 06

Laplacian Legendrian
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H xpovikw¢ aveeaptntn £¢icwaon Tou Schrodinger

HY(F) = E¥(F)

Xapakrnpiotika twv 101ocuvaptnoewy tn¢ e§iowon¢ Schrodinger

1.
2.

3.

Ameipec 1010auvaprnaeic W, e avriotoixes 1010TIUES E,

Av ¥, # Y. kai E;= E;1o1e 01 W, kar ¥; Ovopacovral EKQUAITUEVES

cW¥.: amoreAei emiong Auan ¢ e¢iowang

a¥,; + bY, : amoreAouv Auon e ediowang orav ¥, kai ¥, : ekpuAIOpEVES
O1 1d100uvapTnoeic givar 0pBOKAVOVIKES

J‘@ ‘Pi*‘Pj dx — J‘OO \Pj*LPi dx — 1 (’)’COLV I :! — KOVOVIKOTOIHEVN
0 o0 0 6tav I # ] — opboydvieg
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AlaoTtropd pETPNONG

Méooc o6po¢ @uo. 1010TnTaC = Avauevouevn Tiun TeAsorn

H upéan miun maparnenoiung 1010tnrac A, ouarnuaro¢ 10 01oio
replypagerar amo dedouévn kuuaroouvaprnon W(r) ioourar ue v
QVAUEVOUEVN TIUN TOU QVTIOTOIXOU TEAEDT.

[ () Aw (r)dr

<A>=
j ¥ * (F)¥(F)dF

Aiaomropa (rumikn amrokAion) tn¢ péong Tiung

o, == [(A?)~(A)
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2ulBoAiopoc Dirac ) Bra-Ket (bracket)

2uuPoAiouue 10 oAokAnpwua Tou yivouévou OUO KATACTATIKWVY
ouvaprnoswyv ¥Y(x) kar P(x) w¢ £€n¢ : <‘P\q)> _ ro ¥ (0D (X)dx

<Y| : bra-vector |®> : ket-vector

Eorw a: piyadikés apifués kar | W (X)®(x)dx <o

loxuouv o1 Kavoveg : (¥|a®)=a(¥|o)
¥|@)=a (¥|®)
Y]o) = (@)
O +¥|=(0]+(¥]
Y+, |0, + @, ) = (W, |+ (¥, (D) +|D,)) =

(F1| @) +(F | @, ) + (1, | @) +(F; | D)
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2ulBoAiopoc Dirac ) Bra-Ket (bracket)

H\ \P> _ E\ \If} H xpovikwc¢ aveéaprntn
2 giowan rou Schrodinger
——V?|¥)+V|¥)=E|¥
V) +V|¥) = E| )
E = <LP ‘H‘ LP> Avapuevouevn Tiun teAsotn
(F|P)
(¥, |¥;) =1 Kavovikomoion ¥,
<\Pi \I’j> =0 Opboywvikornra ¥; , ¥,
<‘Pi \Pj> =6; 0;=1ya 1= 2uvlnkn opBokavovikornrac

0; =0 yiax 1# | &; : OéAra Kronecker

POYZIKOXHMEIA | : MOPIAKH ®AZMATOZKOIMIA (I’ €€. 2024)



ACOKNOEIC

Na e€etaoeTe av o1 ouvaptioelg y=e# y=cos(bx) kar y=sin(bx) amoteAolv
1I0100UVaPTACEIC TNG eCiowang Schrodinger pe V(x)=c (oT1aBep0).

Na dei€ete 0TI N guvapTnon w=xexp(-x4/2) amoteAei 1Id10auUVAPTNON TOU TEAEOTR: -d?/dx2+x2.
[oid eivai n avrioToixn 101011y ; (HB 2-12)

Say | B )

A , ’ ’ ’ 4 ! /\ I “\
[TolEC aTmo TiG KC(LHTU)\&’Q TOU OXNHaTOG Eival duvarTo va , A | | \
amoTteAoUV KUPATOoUVAPTNON £VO¢ auathuarog; Na aimiohoynoere. - —/ [ —J
Eotw n kuparoouvaptnan owpartidiou: W(x) = [exp(-x4/2a?)]'"2, Y/ & K

‘ \ P

a) Na kavovikotroin®si n auvaptnan y(x).
B) Na utrohoyioBei n mBavdtnta P(x) e0peong Tou owpartidiou 1o aToixelwdeg didoTnua
(x, x+dx). ['1a ToIA TIPA TOU X EUPaviEl HEYIOTO N KaTavoun moavotntag P(x) ;

y) Na utroAoyigBoUv €TTIGNG 01 AVOUEVOUEVES TIPEG ,<X>, <x%>, <x>?, <p,>, <(p,)*> KAl O
QVTIOTOIXES TIPEG DIAOTTOPAG O, KAll O,

Eotw : W(x) = Wy(x)+2W,(x) (uEpBean kaTtaaTaaewy), ue Wo(x) kal Wy (X)
__KupaToouvapTnoelg owiaTidiou ae povodiaaTato gpéap duvauikou epoug L. Na
EluTohoyIoBei N avapevopevn TIuA TG evépyeiag <E>. Ti TapaTnpeite;
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EQapuoyég

1. EAeubBepo owparidio (free particle) o€ pia diaoraon - 1D

he 07 (X)

H¥(x) = - e

0°X

2

+V(X)¥(x) = EW¥Y(X)

['1a éva eActBepo owuaridio 1oyver : V(x) =0

_h dPP(X)
2m  dx®

=E¥Y(X) =

d*¥(x)  2m

X2

Y EWV(x)

I0100UVaPTNOEIC : Emitreda kUuata KateuBuvdueva mpo¢ 1a de€id (+) i apiaTepd (-)

P, (X)=A, exp[+ i ZQLE X |=e"
¥ (x)=A exp{— i Z;nZE X |=e™
lNaparnpnoeic

+thk =+2mE = p . opun

ara6epn kar aveédptntn e 6éong
(Léyiotn aBefaidtnra)

1. Hriuég Tou k éxouv éva auvexés paoua — 10 awariolo eival EAEUBEQO.

2. Na urrohoyioere mv m@avomnra P(x) va Bpebei 1o owuaridio o€ Tuyaia 8éon x-+dx.
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EQapuoyég
1. EAeubBepo owparidio (free particle) o€ pia diaoraon - 1D

Re y= Im y=
[y =1 cos kx sin kx

a4 / ¥(x) = Ae™ = A(cos(kx) +isin(kx))

2
m /m M P(X) -
Ix.7.24 (a) To TeTpdywvo ToL PHETPOUL piag

KUHATOOLVAPTNONG OV AVTIOTOLXEL O€ pua
OVYKEKPIHLEVT] KATAOTAOT] YPOAUULIKNG OPHIG
elval 0TaBepd- £TOL avTioTOLXEL OF
opolopopen TavotnTa va Bpedei to

(a) cwpatidlo omovdnmote. (B) H katavopn
cos kx cos® kx mBavoTnTAG IOV AVTIOTOLXEL 08 LTTEPBEDT
/ KATAOTACEWY {00V HETPOV YPALIUKNG

opunG aAAd avtiBetng katevBuvong.

PETER ATKINS - JULIO DE PAULA, ®YZIKOXHMEIA, NEK 2014

\ / \ / \ / \ Y(x) = A(e”kx + e‘ikx): 2 Acos(kx)
U =1 P(x) = 4A? cos® (kx)
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Apxn afepaiotnrag

W. Heisenberg

Acgv givar duvarn n rautroxpovn HETPNON OUO CUUITANPWUATIKWY

PUOIKWY TTOOOTATWV XWPIC TEmEpaouévn apepaiornra.

D PXD = Wf = oxop, = h
21 21 2

([E.t]) _ 2in

21 21

e OXop, =

OEot > OEot > 7

H mepimrwan owariou 10 010i0
EUPITKETAI O€ (OXETIKA) KaAQ KaBopIouEvn
Béon x, mepIypageral ue urépBean moAwy
KUUAroouvapTnoswy EAEUBEpouU owuariou

> Y(k) ue 01aQOPETIKES TILES THE 0PUNG K.

21 Eiaayerai 101 aBefaidtnra atnv opun yia

|
/T va avriotaBuioer 1n «BeBaiorntay arn Géon.
! Mﬂw\w P(x) = — [ b(k)ek*dk

JUU Var J-oo

IATOZKOMIA (I’ €€. 2024)

2

Location
of particle

P.W. Atkins, J. de Paula, Physical Chemistry




EQapuoyég
2. 2WUaTidlo gt PovodlaaTaro GPeATIo duvauikou — 1D

o0 o0
V(x)=0 0<x<L 0 0
L
V(x) = x<0, x>L n=4
1o —
h® d2¥(x) 121 n=3
- =2 = E¥(X) 2 V(x)
2m  dx g 8
0 n=2
4_~
¥ (x) = \E sin(n—” xj n=1
L L . —
h2

E,=——n° n=123.. , , - ,
8mL H KBavrwan ¢ EVEQYEIAC Eival GUVETTEIQ TOU TTEPIOPICIIOU
] TOU OWUQTIOIOU O€ TTETTEPATUEVO XWPO
[laparnpnoeic 5 "
1. hBavornTta UPETNS TOU TOU GWIATIOIOU P (X)P, (X)dx = —sinZ(—ﬂ xjdx
orn 6éan x yian=1, 2, 3, ... L L

2. Emidpaan vpou¢ ppéaroc, L, aTiC EVEPYEIQKES OTABLIEC
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EQapuoyég
2. 2WUaTidlo gt PovodlaaTaro GPeATIo duvauikou — 1D

Apxn tnc aBeBaiornrac

1. Na umroAoyiotouv : <x>, <x?>, <p >, <p,?>

(0x)(6p,)

Ti maparnpeire yia rov reAgorn p,??

2. Eotw: Y(x) =Y, (x)+2¥,(x)
Na umroAoyiorei n avaugvouevn Tiun e evépyeiac <E>
TI maparnpeire?

3. Fevikeuon yia : W(x) = Zc,¥(x)

4. Na b¢idere omi o1 16100uvaprioeis ¥i(x) kai ¥(x) eivai opBoywvieg
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3. 2wuartidlo ot TPI0OIACTATO PPEATIO OUVAIKOU — 3D
_ ;’; (;:2 + ;;2 + ;22)‘P(x, y,z)=EY¥Y(X,Y,2)
Yoon (%Y, 2) =%, (¥, (Y)Y, (2)

2 2 n
Ennn :En +En +En :h (nX2+ y2 n2
x'ytiz X y z 8m LX L L

n, :1,2,3...,ny =123...,.n,=123...

ny,n

x'yllz

Eav o1 To ppeario givar kupiko 1oTe Eyouue ekpuAIouéva (ue Tnv idla evépyeia)
gvepyeiaka emimeda m.x. E y=E,;=E;,,

ZUMMETPIa Qpeariou Kal EKQUAIOUOC

lpoBAnuara
1. 2mv mepimrwaon @peariou 2D ue diaoraceis (x=1, y=1), (x=1, y=1,5) ka1 (x=1, y=4) va

ITOOCOI0PIOTEI N EVEPYEIQ TTOU avTioToIXEl aTIC 20 XQUNAOTEPES KATAOTATEIC KAl VA TTapacTaBei
olaypauuarika

Epyaortnpiakn aoknan B17 : MeAétn paoudrwv amoppdenons Kai xpwHdaro¢ ouluylakwy OIEViwV
(kaporévia, moAuuebivia,...)
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4. MovodIdaTaTOg APUOVIKOG TAAQVTWTAG

Eiowon rou Schrodinger via 1-D A.T.

HY = EY
2 2
Bt d°P(x) 1
P V() W =EW = - 0, L =
2m 2m  dx? 2
] HohBadzxi-1200 E = (U+ljha} v=0,12,3
. U:3 1)) 2 b} ) ) e
HES ¥, (x) =N, H, (a""x)e ™"
% 2o 1/2
|-|>J Ls U=1 a — (k_’lj) — ﬂ_a) a) — E
N h h Y7
05 v=0 B ZUU! \/E _1/2
I — ; | ; v\ Va

\’%‘v

(B

; J\-?
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5. Zwuartiolo ag dakTuAio (MepiaTpopn 2D)

he d2d(p)
o 2 2 — Eq)((”)
2mr<  de
o I R c o h: 04149 KBavrwon svépyeiag
m, (¢) _ﬁe Kol m, _Em| J m| — YUy —~&y. n-sp'o'rpo‘pﬁg
L =7am, KBavrwan orpoopung
D(g) = D(P+27) Jyvopiakri auvOnkn

| = mr? ;: Porrny Abpadveiac zi
7T

q)*ml (¢)(Dm| (¢) -

Re®(p)

m, =1 m,= 2
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6. 2wuariolo o€ emaveia agaipag (Mepiatpopn 3D)

he 0  0° 0°
+ + Y(x,v,z)=E¥Y(XYV,zZ
om o oy 822) (X,Y,2) (X, Y,2)

M Gre(xy,2) = E¥(x,y,2)
2m

VZ:_(_Z)r+_2A2 ) i
r or r V<! TeAeorng Laplace
, 1 & 1 ,0,. ,0
A _sin29(8¢2)+sin0(89)sm e A? : Legendrian

NamAoon : ¥=¥(r,0,0) = 0(0)9(p) (dr=20)
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6. 2wuariolo o€ emaveia agaipag (Mepiatpopn 3D)

zZ

dz

Ix.7.19 XTOV TPLOLA0TATO XWPO, 1| EpUnveia
TNG KLHATOOLVAPTNONG Ao Tov Born
ovvenmayetal OTL N mbavotnTa va fpedel To
owlaTidL0 0TO OTOLKElD OYKOV

d71 = dxdydz oe kamoia B¢on r eivat
avAaAoyn ToL YLvopEvoL Tov dT emti TV Tiun

ap. TV |y|* oc avt T B0,

POYZIKOXHMEIA | : MOPIAKH ®AZMATOZKOIMIA
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r*sinfdr dod¢ \

N

rsin0do /

Ix.7.21 Ol OQALPIKEG CVVTETAYHEVEG TTOV
XPNOLHOTIOLOVVTAL Yot TN HEAETT
OLOTNHATWY UE OPALPLKT] CVHHETPIAL



EQapuoyég
6. 2wuariolo o€ emaveia agaipag (Mepiatpopn 3D)

YImI (0,9) = @)nnI (H)CDmI () YIm ((9, ¢) : ZQAIPIKEC APUOVIKEC

(21 +1)(1 —|m, )
2(1+|m, !

%
®|m|(9)={ } P™!(cos 0) ®I\m.\(‘9) : MoAuwvupa Legendre

@, (p)= 1 gme , m=0+1%2,., %I

J2r

él\\\

= )
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6. 2wuariolo o€ emaveia agaipag (Mepiatpopn 3D)

Vi (0,0) =0, (0)®,, (¢) YIml (0, 0) : Zoaipikég appovikég
21 +1)(I
O, (0) = {( 2+(| )+(m ;T' )! } PI™l(cos 0) ®|‘m|‘(<9) : [loAvwvupa Legendre
I
1 :
() =——e™, =0,£1,+2,.., %I
m, ((D) \/g € ml
2
h— I(1+1), 1=0,1,2... KBavrwon evépyeiag mepIoTPOPNC
L2 I
L=a1(1+1), 1=0,12.. , S A
L =hm, m=0,4142,.,1 PAVIWONOTPOPOPHIS |/ T\
L,= Lcos6 A —
KAGGGIKI"] unxavikn : E = L%/2l LD
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6. 2wuariolo o€ emaveia agaipag (Mepiatpopn 3D)

Y. (6,0): Zeaipiké appovikég
|
=0 I=1

v o1 Yy 0= ‘(‘ e |
0,0 = ——— 4n 4w r
Yy 1= F isinﬁ'e*—'i';"=$ )
8n 8n r
2

=

Y, n= _§_ icuszﬂ - L — 1 5 Zzz—xi—yz
»? 47 \ 2 2 2 I/ 4 .2
’ 2 2n 2 | 2= r
- 2
Y, z=L —l-isinzﬂeﬂi‘ﬁzl 15 [ xx1y .
, £ 4 2T 4 21 p

DYZIK(



EQapuoyég
6. 2wuariolo o€ emaveia agaipag (Mepiatpopn 3D)

[(I+1) = 2.449

A

—>

o
()

— = -

—
o

—> e

—
o

—>l-:

-
o

N
-
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ACKNOEIC

To uoplio 1,3,5 eCarpiévio egpavidel extetapévn ouduyia, omoTe BEwpPOoUE OTI TA T NAEKTPOVIA £XOUV TN duvaTOTNTA
va KIvouvTal eAeUBepa Kal avecdptnTa UETAU Toug Kad' 6Ao To UrKog Tou. Eival wg ek TOUTOU £QIKTO va TIEPIYPAQEI
IKAVOTTOINTIKA N Kivnan Twv T NAeKTpoviwv e Bdon 1o povtéAo Tou cwpaTidiou o TTNyadl duvapikoU atreipou
BaBouc. (BAETE ettiong Epy. Aoknon B17)

a) Na TpoadiopiceTe TN CUVOAIK EVEQYEID TOU CUGTAPATOS TWV TT NAEKTPOVIWY TOU Hopiou aTn BepeAiwdn oTadun
BewpwvTag 611 KABe evepyelakn aTdBun déxeTal EXPI 2 NAEKTPOVIA. ZTN CUVEXEID VA UTTOAOYITETE TNV EVEPYEID TTOU
avTIoTOIXET aTnV 1N Kal 2" dleyepuévn KATAGTAON KAl TO AVTIOTOIXO MAKOG KUWATOC TNE OKTIVOBOAIAC TTou atraiTeital
yia 1 diEyepan.

B) Ti avapéveTe va TTPoKUWEL, GO0V aQopa OTO PAKOC KUWATOC BIEyepang, av augnbei To uRkog Tou auluyiokou
TroAueviou; Na aiTiohoyroeTe.

y) Na emekteivete Tnv amavinon oag aTo (B) divovrag didypappa AE w¢ auvaptnaon Tou apiBuou dImAwv dEouwv
yia TigEg Tou n ; 3-7.

MEoo prAKo¢ deapoU PETaty yeITovikwy atépwy C oty aAuaida: R =14 A

['a 11¢ kaTtaoTdoel u=0 kal u=1 Tou atTAOU appovikoU TAAAVTWTA va UTTOAOYICETE Ta akdAouba.
<x>, <x>>, <p,>, <p,>> kai n dlagTopd (o) TG pEang BEang kair TG pEaNG opung.
Emriong va emBepaiwaere v 10XU TNS apXAS TNS aBeBaIOTNTAC GTOV OPPOVIKO TAAQVTWTHA.

‘Eotw owuario ou mepigépeTal ae em@aveia agaipag (3D).

Na utroAoyioete 10 PETPO TOU d1avUCTUATOC TNG TPOXIOKAG OTPOYOPMNS av 0 KBavTikdg apiBuog £ eival : 0, 1, 2, 3.
2TNV OUVEXEID VO UTTOAOYIOETE Tr ywvia TTou axnuarticouv ol TpoBoAég Tou diavuapatog £ e Tov dgova KBaviwaong

- ¢ 0TPOGOPHIA.

Y,
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